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Ergodic properties of functionals of Gaussian processes
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We derive the first two moments of generic positive stochastic functionals in terms of the one- and two-time
probability density functions of the underlying random walk, and we prove ergodicity of observables in stationary
random walks. These general results are applied to the half-occupation time and the occupation time in an interval
of a Gaussian random walk, for which we obtain exact analytic expressions for the first two moments. We
then extend the analysis to scaled Brownian motion and fractional Brownian motion, computing the ergodicity
breaking parameter and establishing a simple scaling form for the probability densities of occupation times.
Within the framework of infinite ergodic theory, we further identify universal properties of positive observables.
All analytical predictions are fully confirmed by numerical simulations.
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I. INTRODUCTION

Stochastic functionals have received much attention in the
last decades. They are defined as the time integration of a
prescribed function of the path of a random walk up to a
measurement time. The prototypical example of a stochastic
functional is the so-called Brownian functional, when the
random walk is Brownian. In 1949 [1] Kac found that the
statistical properties of one-dimensional Brownian functionals
can be studied by the celebrated Feynman-Kac (FK) formula
[2]. Since then, Brownian functionals have found numerous
applications across a variety of scientific fields from prob-
ability theory [3,4] to finance [5], disordered systems, and
mesoscopic physics [6], computer science [2], hydrodynamics
[7], and meteorology [8].

Among the most widely studied functionals are the oc-
cupation times: the occupation time in an interval and the
half-occupation time. The occupation time of a random walker
inside an interval is of ecological interest since it can be
interpreted as the time spent by an animal within its home
range. It provides useful information on the animal’s behav-
ior when foraging. In addition, such a functional has been
applied in chemical kinetics [9,10] and magnetic systems
[11]. However, the half-occupation time or residence time,
is defined as the total time spent by a walker in the positive
half-space. Its distribution function for a Brownian walker is
given by the seminal Lévy’s arcsine law [12]. Many exten-
sions of this well known result are found in the literature. In
1958 Lamperti obtained the generalization of the arcsine law
(known as Lamperti distribution) for the case of subdiffusive
walkers [13]. More recently, the extension to run and tumble
walkers [14] or Brownian walkers moving in heterogeneous
media [15], have been also considered. The problem of half-
occupation times for Brownian walker moving in the presence
of external field was considered in Refs. [16,17] using the
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Kac formalism. The extension of this formalism to deal with
subdiffusive walkers was addressed using the fractional FK
equation [18–20]. The main goal of the previously cited works
is to study the statistical properties of the stochastic function-
als, by finding explicitly the probability density function and
moments. Among these statistical properties are the ergodic
properties.

The study of ergodic properties of certain observables re-
lated to stochastic functionals has attracted much attention
[21–26]. A widely studied measure of the ergodic behavior of
the system is the ergodicity breaking parameter EB which can
be found in terms of the first two moments of the stochastic
functionals. This parameter is a measure for the heterogeneity
among different trajectories of one ensemble, which provides
useful statistical information. In general, the first and second
moments can be found by solving the FK equation for the
characteristic function of the functional. However, solving
the FK equation is not always an easy task. It is a back-
ward partial differential equation which can have spatial or
temporal explicit dependencies that make it very difficult or
even impossible to solve in many circumstances. For example,
consider a Brownian walker with power-law time-depending
diffusion coefficient (scaled Brownian motion). The FK equa-
tion for the functional of the scaled Brownian motion has
an explicit time-dependence multiplying the second spatial
derivative which makes it impossible to get an exact analytical
solution for the probability density or the moments of the
functional [27].

To circumvent this problem, in this work we propose to
compute the first two moments of a stochastic functional
directly from the one-time and two-time probability density
functions (PDFs) of the underlying random walk. In particu-
lar, if the random walk is a Gaussian process these PDFs can
be expressed in terms of the autocorrelation function only.
This method is especially useful to compute the first two
moments and the EB parameter for the occupation times of
the scaled Brownian motion and the fractional Brownian mo-
tion; two processes which have been deeply studied. However,
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many of their fundamental properties still remain elusive as is
the case of the occupation time.

The paper is structured as follows: In Sec. II we find
general expressions for the first two moments of any positive
stochastic functional from the one-time and two-time PDFs
of a Gaussian random walk. The ergodic properties are in-
troduced in Sec. III in terms of the first two moments of
the functionals, where we also derive general properties for
integrable observables of functionals. In Sec. IV we show
that observables of stationary random walks are ergodic, i.e.,
their PDF converge to a Dirac δ function in the long time
limit. In Sec. V we assume that the random walk is Gaussian
and we obtain general expressions for the first two moments
of the half-occupation time and the occupation time in an
interval. In Sec. VI we particularize our general results when
the random walk is a Brownian motion with time-dependent
diffusivity, and for the relevant cases of scaled Brownian
motion and fractional Brownian motion. Our theoretical re-
sults are checked with numerical simulations and compared
with previous results. Finally, the conclusions are presented in
Sec. VII.

II. THE FIRST TWO MOMENTS

We apply the Kac formalism [3] to derive the first two
moments of the PDF of a stochastic functional. Consider the
positive stochastic functional

Z (t ) =
∫ t

0
U [x(τ )]dτ, (1)

where U [x(τ )] is a positive function of the stochastic trajec-
tory {x(τ ); 0 � τ � t} of a random walker. Let P(Z, t ) be the
one-time PDF of Z (t ) and Q(p, t ) its characteristic function,
this is

Q(p, t ) =
∫ ∞

0
e−pZ P(Z, t )dZ = 〈e−pZ (t )〉

= 〈e−p
∫ t

0 U [x(τ )]dτ 〉. (2)

Expanding the exponential in power series we have

Q(p, t ) =
〈 ∞∑

n=0

(−p)n

n!
Z (t )n

〉
=

∞∑
n=0

(−p)n

n!
〈Z (t )n〉. (3)

Recall that the first moment of P(Z, t ) is the mean value of the
functional

〈Z (t )〉 =
∫ t

0
〈U [x(τ )]〉dτ

=
∫ t

0
dτ

∫ ∞

−∞
dxU (x)P(x, τ ), (4)

where P(x, t ) is the probability of finding the walker at po-
sition x at time t if it was initially at x0, this is, x(τ =
0) = x0. The second moment of P(Z, t ) is the mean-square
value

〈Z (t )2〉 =
〈(∫ t

0
U [x(τ )]dτ

)2
〉

= 2!
∫ t

0
dτ2

∫ τ2

0
dτ1〈U [x(τ1)]U [x(τ2)]〉

= 2!
∫ t

0
dτ2

∫ τ2

0
dτ1

∫ ∞

−∞
dx2

∫ ∞

−∞
dx1U (x1)U (x2)P(x2, τ2; x1, τ1), (5)

where P(x2, τ2; x1, τ1) is the two-time PDF. Proceeding anal-
ogously, for higher order moments, it can be shown that the
nth order moment is given by [3]

〈Z (t )n〉 = n!
∫ ∞

−∞
Gn(x, t )dx, (6)

where the functions Gn(x, t ) with n ∈ N satisfy the renewal
iterative equation

Gn+1(x, t ) =
∫ t

0
dτ1

∫ ∞

−∞
dx1U (x1)Gn(x1, τ1)P(x, t |x1, τ1),

(7)

with P(x, t |x1, τ1) the propagator of the process x(t ) and
G0(x, t ) ≡ P(x, t ). Note that Eq. (7), unlike the results in
Ref. [3], is general for any random walk. The propagator
P(x, t |x1, τ1) is the probability density for the process x(t ) to
take the value x at time t given that its value at time τ1 is x1. In
Appendix A we have checked that indeed Eqs. (4) and (5) can
be obtained from Eqs. (6) and (7). By definition of conditional
probability P(x, t ; x1, τ1) = P(x, t |x1, τ1)P(x1, τ1). Inserting
Eq. (6) into Eq. (3), the moment generating function Q(p, t )

is found as

Q(p, t ) =
∞∑

n=0

(−p)n
∫ ∞

−∞
Gn(x, t )dx. (8)

Defining

Q(x, p, t ) =
∞∑

n=0

(−p)nGn(x, t ), (9)

then

Q(p, t ) =
∫ ∞

−∞
Q(x, p, t )dx. (10)

Multiplying Eq. (7) by (−p)n and summing over n we obtain
the integral equation for Q(x, p, t ):

Q(x, p, t ) = P(x, t ) − p
∫ t

0
dτ1

∫ ∞

−∞
dx1U (x1)

× P(x, t |x1, τ1)Q(x1, p, τ1). (11)

Once the above equation is solved for Q(x, p, t ), then
Q(p, t ) follows from Eq. (10). However this is usually a
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very difficult task. Taking temporal and spatial derivatives of
Eq. (11) and using the Master equation for the propagator of
the random walk one obtains a partial differential equation for
Q(x, p, t ) called the FK equation. Since we are interested
mainly in the first two moments, it is not necessary to find
the FK equation, solve it and obtain the moments. Instead,
we can find the moments directly from the propagator of the
random walk using Eqs. (4) and (5). We proceed to find the
moments 〈Z (t )〉 and 〈Z (t )2〉 from the characteristic functions
of the one-time and two-time PDFs. To do this, we introduce
the Fourier transform of a function f (x) as

f̃ (k) = F[ f (x)] =
∫ ∞

−∞
eikx f (x)dx

and the inverse Fourier transform as

f (x) = F−1[ f̃ (k)] = 1

2π

∫ ∞

−∞
e−ikx f̃ (k)dk.

Then, the one- and two-time PDFs can be written as

P(x, t ) = 1

2π

∫ ∞

−∞
e−ikxP̃(k, t )dk

and

P(x2, t2; x1, t1) = 1

(2π )2

∫ ∞

−∞
dk1

∫ ∞

−∞
dk2P̃(k2, t2; k1, t1)

× e−i(k1x1+k2x2 ),

respectively. In consequence, Eq. (4) becomes

〈Z (t )〉 = 1

2π

∫ t

0
dτ1

∫ ∞

−∞
dk1P̃(k1, τ1)Ũ (−k1), (12)

where

Ũ (−ki ) =
∫ ∞

−∞
e−ikixiU (xi )dxi (13)

and i = 1, 2. Analogously, Eq. (5) can be expressed as

〈Z (t )2〉 = 2

(2π )2

∫ t

0
dτ2

∫ τ2

0
dτ1

∫ ∞

−∞
dk1

∫ ∞

−∞
dk2

× P̃(k2, τ2; k1, τ1)Ũ (−k1)Ũ (−k2). (14)

Equations (12) and (14) are general expressions which provide
a method of calculation of the first and second moments of any
positive stochastic functional from the one-time and two-time
PDFs of any Gaussian random walk. With these two moments,
we can study the ergodic properties of such functionals as we
show below.

III. ERGODICITY

The ergodic properties of observables of random walks
have attracted much interest in recent years [21–25]. These
properties can be studied by constructing the ergodicity break-
ing (EB) parameter, which is a measure for the heterogeneity
among different trajectories of one ensemble. By definition, it
is zero when the observable is ergodic and non zero when it is
nonergodic. If the mean value of the observable can be linked
to the moments of a stochastic functional, then the EB can be
expressed in terms of the first two moments of the functional
as we show below.

Let us consider a stochastic trajectory x(τ ) observed from
τ = 0 up to time τ = t . Consider an observable O[x(τ )], a
function of the trajectory x(τ ). Since x(τ ) is stochastic in
nature, the observable O[x(τ )] will also be fluctuating be-
tween the realizations. An observable of the random walk
is said to be ergodic if the ensemble average equals the
time average 〈O〉 = O in the long time limit. This means
that if O[x(τ )] is ergodic, then its time average O is not a
random variable. As a consequence, the limiting PDF of O,
namely P(O, t ) is a Dirac δ function centered on its ensemble
average:

P(O, t → ∞) = δ(O − 〈O〉). (15)

Recall that the probability density P(x, t ) is the probability to
find the walker at point x at time t . If the observable is inte-
grable with respect to the density P(x, t ), then the ensemble
average is given by

〈O[x(t )]〉 =
∫ ∞

−∞
O[x]P(x, t )dx. (16)

The time average of O[x(t )] is defined as

O[x(t )] = 1

t

∫ t

0
O[x(τ )]dτ. (17)

For nonergodic observables, since O is random, its variance
Var(O) is nonzero in the long time limit. Otherwise, for an er-
godic observable Var(O) = 0 in the long time limit. Keeping
this in mind, the ergodicity breaking parameter EB is defined
as

EB = lim
t→∞

Var(O)

〈O〉2
= lim

t→∞
〈O2〉 − 〈O〉2

〈O〉2
. (18)

For ergodic observables, one should have EB = 0.
In the examples below we consider the observable

O[x(t )] = U [x(t )] so that the time average of the observable
is from Eq. (17),

O[x(t )] = 1

t

∫ t

0
U [x(τ )]dτ = Z (t )

t
, (19)

and so

〈O〉 = 〈Z (t )〉
t

, 〈O2〉 = 〈Z (t )2〉
t2

. (20)

Finally, from Eq. (18) we can find the EB in terms of the first
two moments of the functional

EB = 〈Z (t )2〉
〈Z (t )〉2

− 1 (21)

as t → ∞.

A. Infinite ergodic theory

In the long time limit, a system may reach a steady state,
namely P(x, t ) is time independent for long times, as we
consider in the next section. This solution is usually reached
from most typical initial conditions, and the time-independent
density is called the invariant density [28]. Let us assume
that in the long time limit the one-time PDF of the process
x(t ) can be written as P(x, t ) � φ(t )I∞(x). If the integral∫ ∞
−∞ I∞(x)dx is divergent, then I∞(x) is an infinite invariant
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density and clearly P(x, t ) is nonnormalizable. In this case,
a different type of ergodic framework emerges: the so-called
infinite ergodic theory.

Consider an observable O[x(t )], which depends on the
realizations of the process x(t ). If the observable fulfills the
requirement ∫ ∞

−∞
O(x)I∞(x)dx < ∞, (22)

namely the observable is integrable with respect to I∞(x),
then the ensemble average over the realizations of the process
x(t ) can be represented through the infinite invariant density
for long times as

lim
t→∞ 〈O〉 = φ(t )

∫ ∞

−∞
O(x)I∞(x)dx. (23)

Now consider the ensemble average of the time average

〈O〉 =
∫ ∞

−∞
dxP(x, t )

1

t

∫ t

0
O[x(t ′)]dt ′

= 1

t

∫ t

0
dt ′

∫ ∞

−∞
O(x)P(x, t ′)dx, (24)

so that using Eq. (23) we find

lim
t→∞

〈
O

〉 = 1

t

∫ t

0
φ(t ′)dt ′

∫ ∞

−∞
O(x)I∞(x)dx. (25)

Since O is a random variable determined by the realization of
x(t ) thus we define the stochastic variable

ξ = lim
t→∞

O
〈O〉 . (26)

The observable is ergodic when ξ = 1, and so the PDF of
ξ is P(ξ, t ) = δ(ξ − 1) in the long time limit. Hence, using
Eqs. (23) and (25) we conclude that

lim
t→∞

〈O〉
〈O〉 = 〈ξ 〉 = 1

tφ(t )

∫ t

0
φ(t ′)dt ′, (27)

namely, the ensemble average of the time average and the
ensemble average itself are related. Note that this relation is
general for any observable if it is integrable with respect to the
infinite invariant density, and only depends on the PDF of x(t ).
Clearly, when the observable is ergodic limt→∞〈O〉/〈O〉 = 1.
If we choose O(x) = U (x), then using Eq. (27) we find

〈Z (t )〉 ≈ 〈U 〉
∫ t

0 φ(t ′)dt ′

φ(t )
, t → ∞. (28)

The infinite ergodic theory also provides an expression for the
long time limit of the mean value of a functional. We compare
below this result with that obtained from Eq. (4) for specific
examples.

IV. STATIONARY PROCESSES

In this section we derive the temporal dependence of
the moments of the functional Z (t ) when the under-
lying random walk x(t ) is a stationary process, which
means that it is time homogeneous and that there
exists a time-independent stationary PDF defined as

Ps(x) = limt→∞ P(x, t ) = limt→∞ P(x, t |x′, t ′). For example,
when Brownian particles are confined in a finite domain, after
a sufficiently long time their concentration becomes uniform
(for reflecting boundary conditions) and thus time invariant.
Another example is the case of a Brownian particle under the
effect of an external confining potential [17,18,20], moving
through a heterogeneous media [29] or under the presence
of a stochastic resetting [30]. In the long time limit (7)
reduces to

Gn+1(x, t ) � Ps(x)
∫ t

0
dτ1

∫ ∞

−∞
dx1U (x1)Gn(x1, τ1). (29)

Making use of the Laplace transform defined as L[ f (t )] =
f (s) = ∫ ∞

0 e−st f (t )dt , Eq. (29) turns into

Gn+1(x, s) � Ps(x)

s

∫ ∞

−∞
dx1U (x1)Gn(x1, s). (30)

The first moment in the long time limit follows from Eq. (30)
and setting n = 0 to find

〈Z (s)〉 � 1

s2

∫ ∞

−∞
dxU (x)Ps(x), (31)

which in the real space reads

〈Z (t )〉 � t
∫ ∞

−∞
dxU (x)Ps(x). (32)

The second moment can be derived from Eq. (30) setting n =
1, so that

〈Z (s)2〉 � 2!

s3

[∫ ∞

−∞
dxU (x)Ps, (x)

]2

, (33)

so that

〈Z (t )2〉 � t2

[∫ ∞

−∞
dxU (x)Ps(x)

]2

. (34)

In general,

〈Z (s)n〉 � n!

sn+1
〈U 〉n

s , (35)

where 〈U 〉s = ∫ ∞
−∞ U (x)Ps(x)dx. After Laplace inversion,

〈Z (t )n〉 � (t〈U 〉s)n (36)

as t → ∞. This is a general result, regardless of the functional
and the details of the random walk. In addition, we can make
use of Eq. (3) to find the characteristic function of the func-
tional in the long time limit. Using Eqs. (3) and (36) one has
Q(p, t ) � e−pt〈U 〉s and Laplace inverting with respect to the
variable p as defined in (2) one finds

P(Z, t ) � δ(Z − t〈U 〉s) = δ(Z − 〈Z (t )〉) as t → ∞,

(37)

i.e., the ergodicity breaking parameter is EB = 0, in agree-
ment with Khinchin’s theorem [31], which provides the
condition that a stationary process is ergodic. The same
can be inferred from Eq. (27). If the underlying random
walk is stationary, then limt→∞〈U [x(t )]〉 = 〈U 〉s and con-
sidering O[x(t )] = U [x(t )] one has 〈O[x(t )]〉 ≈ 〈U 〉s. Taking
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the temporal average 〈O[x(t )]〉 ≈ 1
t

∫ t
0 〈U 〉sdt = 〈U 〉s so that

limt→∞〈O〉/〈O〉 = 1 and the observable is ergodic.

V. GAUSSIAN PROCESSES

Let us specify our general results for the first two moments
of a stochastic functional to the case where the position of
the random walker x(t ) is a Gaussian process. To find the
characteristic functions of the one-time and two-time PDFs
we make use of the characteristic functional of a Gaussian
process. If x(t ) is a Gaussian process with mean 〈x(t )〉 and au-
tocorrelation C(t1, t2) ≡ 〈x(t1)x(t2)〉 − 〈x(t1)〉〈x(t2)〉, then the
characteristic functional of x(t ) is the characteristic function
of the functional

∫ ∞
−∞ f (t )x(t )dt and is given by [32]

〈ei
∫ ∞
−∞ f (t )x(t )dt 〉 = exp

[
i
∫ ∞

−∞
f (t )〈x(t )〉dt − 1

2

∫ ∞

−∞
dt1

×
∫ ∞

−∞
dt2 f (t1) f (t2)C(t1, t2)

]
, (38)

where f (t ) is an arbitrary function. To find the expression
for the one-time and two-time PDFs we consider f (τ ) =
kδ(τ − t ) and f (τ ) = k1δ(τ − t1) + k2δ(τ − t2), respectively.
Thus,

P(k, t ) = 〈eikx(t )〉 = exp

[
ik〈x(t )〉 − k2

2
C(t, t )

]
(39)

and

P(k2, t2; k1, t1) = 〈eik1x(t1 )+ik2x(t2 )〉

= exp

[
ik1〈x(t1)〉 + ik2〈x(t2)〉 − k2

1

2
C(t1, t1)

− k2
2

2
C(t2, t2) − k1k2C(t1, t2)

]
. (40)

If we assume for simplicity that the Gaussian process
is isotropic, performing the inverse Fourier transform
to Eq. (39), then the one-time PDF is P(x, t ) =
[2πC(t, t )]−1/2 exp[−x2/2C(t, t )]. For t → ∞ and
x � √

2C(t, t ) we have P(x, t ) ≈ [2πC(t, t )]−1/2, so that,
I∞(x) = 1/

√
2π and φ(t ) = [C(t, t )]−1/2. Then, from

Eq. (27) we find

lim
t→∞

〈O〉
〈O〉 =

√
C(t, t )

t

∫ t

0

dt ′
√

C(t ′, t ′)
. (41)

In addition, from Eq. (28) we obtain

〈Z (t )〉 ≈ A√
2π

∫ t

0

dt ′
√

C(t ′, t ′)
, (42)

where A = ∫ ∞
−∞ U (x)dx < ∞. Recall Eqs. (41) and (42) hold

for any integrable observable of an isotropic Gaussian process
and is consequence of the infinite ergodic theory.

Now, we want to particularize to the case of occupation
times as examples of stochastic functionals. We consider first
the half-occupation time T +(t ). It is defined as the total
amount of time that the process x(t ) has positive values during

the time interval [0, t]:

T +(t ) =
∫ t

0
θ [x(τ )]dτ.

Then, we take into account that U (x) = θ (x), with θ (x) the
Heaviside function: U = 1 if x > 0 and U = 0 if x < 0. Then,
from Eq. (13) (see Appendix B for details of the derivation),

Ũ (−k) = − i

k
+ πδ(k). (43)

The mean half-occupation time follows from Eq. (12),
and Eq. (43) and is given by

〈T +(t )〉 = t

2
− i

2π

∫ t

0
dτ

∫ ∞

−∞

P̃(k, τ )

k
dk. (44)

Finally, using Eq. (39) we find from Eq. (44),

〈T +(t )〉 = t

2
+ 1

2

∫ t

0
erf

( 〈x(τ )〉√
2C(τ, τ )

)
dτ, (45)

which is a general expression for the mean half-occupation
time of a Gaussian random walk in terms of 〈x(t )〉 and
〈x(t )2〉 = C(t, t ). Note that for an isotropic random walk the
mean position is zero and 〈T +(t )〉 = t/2, which means that in
this case the walker spends half of the time in the positive axis
in mean.

The mean-square occupation time follows from Eqs. (14)
and (43). Performing the calculations detailed in Appendix C,
we get

〈T +(t )2〉 = 〈T +(t )〉2 + 1

π

∫ t

0
dτ2

∫ τ2

0
dτ1

∫ C(τ1 ,τ2 )√
C(τ1 ,τ1 )C(τ2 ,τ2 )

0

× dz√
1 − z2

exp

[
−ξ 2

1 + ξ 2
2 − 2zξ1ξ2

2(1 − z2)

]
, (46)

where

ξi = 〈x(τi )〉√
C(τi, τi )

, i = 1, 2.

Next, we consider the occupation time in the interval
[−a, a], say Ta(t ) during the time interval [0, t]:

Ta(t ) =
∫ t

0
1[−a,a](x(τ ))dτ.

To this end we consider U (x) = 1[−a,a](x), where 1[−a,a] is
the indicator function of [−a, a]. Hence, using Eq. (13) we
obtain the expression

Ũ (−k) = 2 sin(ka)

k
, (47)

which after being introduced into Eq. (12) and using Eq. (39)
gives

〈Ta(t )〉 = 1

π

∫ t

0
dτ

∫ ∞

−∞

sin(ka)

k
eik〈x(τ )〉− k2

2 C(τ,τ )dk. (48)

Integrating over k as detailed in Appendix D, we obtain
the general expression for 〈Ta(t )〉 in terms of 〈x(t )〉 and
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autocorrelation of the Gaussian process:

〈Ta(t )〉 = 1

2

∫ t

0

[
erf

(
a − 〈x(τ )〉√

2C(τ, τ )

)
+ erf

(
a + 〈x(τ )〉√

2C(τ, τ )

)]
dτ.

(49)

Now, the second moment 〈Ta(t )2〉 is found from Eq. (14)
and can be rewritten as

〈Ta(t )2〉 = 2

π2

∫ t

0
dτ2

∫ τ2

0
dτ1

∫ ∞

−∞
dk1

sin(k1a)

k1

×
∫ ∞

−∞
dk2

sin(k2a)

k2
P̃(k2, τ2; k1, τ1). (50)

Integrating over k2, we again refer to Appendix D for
details on the integration, we arrive to the expression

〈Ta(t )2〉 = 2

π2

∫ t

0
dτ2

∫ τ2

0
dτ1

∫ ∞

−∞
dk1

sin(k1a)

k1

× eik1〈x(τ1 )〉− k2
1
2 C(τ1,τ1 )I2(a, k1, τ1, τ2), (51)

where I2(a, K1, τ1, τ2) is defined as

I2(a, k1, τ1, τ2) =π

2

[
erf

(
a − 〈x(τ2)〉 − ik1C(τ1, τ2)√

2C(τ2, τ2)

)

+ erf

(
a + 〈x(τ2)〉 + ik1C(τ1, τ2)√

2C(τ2, τ2)

)]
.

To proceed further we consider that the random walk
is isotropic, so that 〈x(τi )〉 = 0 with i = 1, 2. In this case,
Eqs. (45) and (46) read

〈T +(t )〉 = t

2
,

〈T +(t )2〉 = t2

2
− 1

π

∫ t

0
dτ2

∫ τ2

0
dτ1

× arctan

⎛
⎝

√
C(τ2, τ2)C(τ1, τ1)

C(τ1, τ2)2
− 1

⎞
⎠. (52)

It is noteworthy that the results (52) are exact general results
for the first two moments of the half-occupation time of a
Gaussian isotropic process and can be explicitly found from
the autocorrelation functions of the underlying random walk.
Analogously, for the occupation time in an interval, Eqs. (49)
and (51) become

〈Ta(t )〉 =
∫ t

0
erf

(
a√

2C(τ, τ )

)
dτ (53)

and

〈Ta(t )2〉 = 1

π

∫ t

0
dτ2

∫ τ2

0
dτ1

∫ ∞

−∞
dk

sin(ka)

k
e− k2

2 C(τ1,τ1 )

×
[
erf

(
a − ikC(τ1, τ2)√

2C(τ2, τ2)

)
+ erf

(
a + ikC(τ1, τ2)√

2C(τ2, τ2)

)]
.

(54)

In most cases the one-time autocorrelation (i.e., the mean-
square displacement of the random walk) C(τ, τ ) = 〈x(τ )2〉
depends on time as 〈x(τ )2〉 ∼ t p in the long time limit.
Depending on the value of p we distinguish subdiffusion

(0 < p < 1) and superdiffusion (p > 1). In any case, the
argument of the error function in Eq. (53) defines the dimen-
sionless quantity a/

√
2C(τ, τ ) (of order t−p/2) that is very

small in the long time limit. When the argument is small the
error function can be approximated as erf(z) � 2z/

√
π . Then,

Eq. (53) is

〈Ta(t )〉 � a

√
2

π

∫ t

0

dτ√
C(τ, τ )

(55)

in the long time limit. This result can be recovered making use
of the infinite ergodic theory. To account for the occupation
time in the interval [−a, a] we take U (x) = 1[−a,a](x) into
Eq. (42) so that A = 2a and (42) reduces to Eq. (55).

Proceeding analogously with Eq. (52), we con-
sider the term a/

√
2C(τ2, τ2) much smaller than

kC(τ1, τ2)/
√

2C(τ2, τ2) in the long time limit. In this case we
can approximate the error functions in Eq. (54) taking into
account that erf(ε + iy) + erf(ε − iy) � 4εey2

/
√

π + O(ε2).
Hence,

〈Ta(t )2〉 � 4a
∫ t

0

dτ2√
2πC(τ2, τ2)

∫ τ2

0
erf

×
⎛
⎝ a√

2

√
C(τ2, τ2)

C(τ1, τ1)C(τ2, τ2) − C(τ1, τ2)2

⎞
⎠dτ1,

provided that C(τ1, τ1)C(τ2, τ2) − C(τ1, τ2)2 > 0. Since the
argument of the above error function is small in the long time
limit we finally have

〈Ta(t )2〉 � 4a2

π

∫ t

0
dτ2

×
∫ τ2

0

dτ1√
C(τ1, τ1)C(τ2, τ2) − C(τ1, τ2)2

. (56)

Likewise, the results (55) and (56) correspond to the first and
second moment of the occupation time in an interval for a
Gaussian isotropic process in the long time limit, and like the
half-occupation time, they depend solely on the autocorrela-
tion function of the process.

VI. APPLICATIONS

Below, we explicit our results for specific examples of
isotropic Gaussian processes of physical interest. In particular,
we consider two isotropic Gaussian processes which generate
anomalous diffusion paths. They are the scaled Brownian
motion (SBM) and the fractional Brownian motion (fBM)
[33]. However, let us begin by considering the case of time-
dependent diffusivity.

A. Time-dependent diffusivity and SBM

Consider that the position x(t ) of a random walker obeys
the Langevin equation with time-dependent diffusivity

dx(t )

dt
=

√
2D(t )ξ (t ), (57)

where ξ (t ) is white Gaussian noise with zero mean and unit
amplitude 〈ξ (t )ξ (t ′)〉 = δ(t − t ′). Since ξ (t ) is Gaussian, so
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is x(t ), and its autocorrelation reads

C(t1, t2) = 2
∫ t1

0

√
D(τ1)dτ1

∫ t2

0

√
D(τ2)〈ξ (τ1)ξ (τ2)〉dτ2

= 2
∫ min(t1,t2 )

0
D(τ )dτ, (58)

so that

C(t, t ) = 2
∫ t

0
D(τ )dτ.

The mean half-occupation time is as in Eq. (52) due to
the isotropy of the random walk. The mean-square half-
occupation time follows from Eq. (52) using Eq. (58). Then,

〈T +(t )2〉 = t2

2

[
1 − 2

π

∫ 1

0
vdv

×
∫ 1

0
arctan

⎛
⎜⎝

√√√√ ∫ vt
0 D(τ )dτ∫ uvt

0 D(τ )dτ
− 1

⎞
⎟⎠du

]
, (59)

where we introduced the dimensionless variables u = τ1/τ2

and v = τ2/t . Analogously, we derive the first two moments
for Ta from Eqs. (55) and (56). We thus find

〈Ta(t )〉 � at√
π

∫ 1

0

[∫ zt

0
D(τ )dτ

]−1/2

dz (60)

and

〈Ta(t )2〉 � 2a2t2

π

∫ 1

0
vdv

∫ 1

0
du

[∫ uvt

0
D(τ )dτ

]−1/2

×
[∫ vt

uvt
D(τ )dτ

]−1/2

. (61)

The above expressions for the first two moments of T + and
Ta for a time-dependent diffusivity are general, depend on the
expression for D(t ), and hold in the long time limit.

A particularly interesting example of time-dependent dif-
fusivity consists in assuming the dependence

D(t ) = αKtα−1, (62)

with α ∈ (0, 2). This case corresponds to the so-called SBM.
In this case, the two-time autocorrelation function and the
mean-square displacement are, respectively,

C(t1, t2) = 2K[min(t1, t2)]α, 〈x(t )2〉 = 2Ktα, (63)

which can be derived integrating Eq. (57) with Eq. (62). SBM
was used to describe fluorescence recovery after photobleach-
ing in various settings [34] as well as anomalous diffusion in
various biophysical contexts [33,35,36]. In other branches of
physics SBM was used to study the scaled voter model [37]
and to model turbulent flows observed by Richardson [38].
Moreover, the diffusion of particles in granular gases with
relative speed dependent restitution coefficients follow SBM
[39]. The ergodic properties of SBM have also been studied
considering the square displacement as the observable [40].
SBM has short memory and its increments are not stationary,
which is particularly prominent under confinement [41,42].

1. Half-occupation time

We consider here the half-occupation time T +(t ) for the
SBM. From Eqs. (52) and (63),

〈T +(t )2〉 = t2

2
− 1

π

∫ t

0
dτ2

∫ τ2

0
dτ1 arctan

(√
τα

2

τα
1

− 1

)

= t2

2

[
1 − 1

π

∫ 1

0
arctan

(√
1

uα
− 1

)
du

]
. (64)

The integral in the above expression can be solved by intro-
ducing the new variable y = (u−α − 1)1/2,

∫ 1

0
arctan

(√
1

uα
− 1

)
du = 2

α

∫ ∞

0

y arctan(y)

(1 + y2)1+ 1
α

dy

=
√

π

2



(

1
2 + 1

α

)


(
1 + 1

α

) ,

so that Eq. (64) reduces to

〈T +(t )2〉 = t2

2

[
1 − 1

2
√

π



(

1
2 + 1

α

)


(
1 + 1

α

)
]
. (65)

Note that the case for constant diffusivity is recovered when
α = 1. Indeed, setting α = 1 in the above expression we ob-
tain 〈T +(t )2〉 = 3t2/8 which is the result corresponding to
the standard Brownian motion [26,30]. Using Eq. (21) the EB
parameter is given by

EB+ = 〈T +(t )2〉
〈T +(t )〉2

− 1 = 1 − 1√
π



(

1
2 + 1

α

)


(
1 + 1

α

) , (66)

which is monotonically decreasing with α. Note that for α = 1
one has EB+ = 1/2 which is the result corresponding to the
standard Brownian motion [30].

In Fig. 1 we compare numerical simulations of SBM,
where we have generated a set of trajectories using the Mil-
stein algorithm to solve Eq. (57) with Eq. (62), with the results
of the first and second moments of the half-occupation time as
a function of time, for three different values of the exponent α.
In all cases, there is a good agreement between the simulations
and the analytical results. In Fig. 3(a) we present the EB
parameter for this observable, as a function of the exponent
α. Again, we find a good agreement between Eq. (73) and the
numerical data.

2. Occupation time in an interval

From Eq. (60) we can obtain the mean occupation time in
an interval for a SBM. Using Eqs. (63) and (60) we readily
find

〈Ta(t )〉 � 2at1− α
2

(2 − α)
√

πK
as t → ∞. (67)

For α = 1 we recover the result 〈Ta(t )〉 � 2a
√

t/
√

πD corre-
sponding to the standard Brownian motion [26,30]. Note that
considering U (x) = 1[−a,a](x) and Eq. (63) into Eq. (42) we
recover Eq. (67).
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(a) (b)

FIG. 1. First (a) and second (b) moments of the half-occupation time over t and t2, respectively, as a function of t for the SBM. The
symbols are obtained from numerical simulations for α = 0.5, 1.0, and 1.5. The solid lines are given by Eq. (52) in panel (a) and by Eq. (65)
in panel (b). All simulations are performed with parameters: x0 = 0, K = 1, time discretization of dt = 0.1, and N = 105 trajectories.

The mean-square occupation time in an interval follows
from Eqs. (61) and (63). We find

〈Ta(t )2〉 � 2a2

K
√

π



(

1
α

− 1
2

)
α(2 − α)
(1/α)

t2−α as t → ∞.

(68)

Note that for α = 1 we get 〈Ta(t )2〉 � 2a2t/D which corre-
sponds to the mean-square occupation time for the standard
Brownian motion [26,30]. The EB parameter is from Eq. (21)
given by

EBa = 〈Ta(t )2〉
〈Ta(t )〉2

− 1 =
√

π

(

1
α

− 1
2

)
(2 − α)

2α
(1/α)
− 1, (69)

which is monotonically decreasing with α. For α = 1 we
have EBa = π/2 − 1, which corresponds to the result for the
standard Brownian motion [26]. From previous results, it is
known that the PDF of Ta(t ) follows the Mittag-Leffler (ML)
distribution of order β, where β is obtained from the long
time limit of the First Passage Time PDF ∼t−1−β , if the return
times to the interval are a renewal process [11,22,29,43,44].
From these studies it follows that the ergodicity break-
ing parameter corresponding to the ML distribution,
EB∗

a, is

EB∗
a = 2
2(1 + β )


(1 + 2β )
− 1, (70)

which, for the SBM, β = α/2 [45]. Comparing Eq. (70) to
our result Eq. (69) we see that the two expressions do not

yield the same predictions for EBa. Therefore, the return times
of the SBM are not, in general, a renewal process, unless
α = 1.

We compare the results of this section with numerical sim-
ulations in Fig. 2 and in Fig. 3(b). In the first, we plot the first
and second moments of the occupation time in the interval
[−0.5, 0.5] as a function of time, for distinct values of the
exponent α. We find a good agreement between the analytic
results and the numerical data. We also observe that the total
trajectory time required for the simulation and the data to
converge is smaller for α → 1, and increases for α → 0 and
α → 2. This can also be seen in Fig. 3(b) where the agreement
is better for α → 1 for a given time t . We have also included in
Fig. 3(b) the prediction from Eq. (70), and we can see that for
values of 1 < α < 2 the results provided by the ML distribu-
tion are quite similar to the exact theoretical prediction given
by Eq. (69), being equal for α = 1, as expected. However,
the approximation breaks for 0 < α < 1, and the numerical
simulations, in agreement with Eq. (69), confirm the deviation
as α → 0.

In Fig. 3, both EB+ and EBa decrease monotonically
with α. Because EB measures trajectory-to-trajectory vari-
ability in the observable O, this implies greater trajectory
dispersion at low α. For α ∈ (0, 1), the decreasing diffu-
sion coefficient D(t ) makes escaping from a given region
progressively harder, enhancing trajectory differences with
respect to T + and Ta. Conversely, for α ∈ (1, 2), D(t ) in-
creases with time, reducing trajectory persistence and thus
lowering EB.

(a) (b)

FIG. 2. First (a) and second (b) moments of the occupation time in an interval as a function of t for the SBM. The symbols are obtained
from numerical simulations for α = 0.5, 1.0, and 1.5. The solid lines are given by Eq. (67) in panel (a) and by Eq. (68) in panel (b). All
simulations are performed with parameters: a = 0.5, x0 = 0, K = 1, time discretization of dt = 0.1, and N = 105 trajectories.
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(a) (b)

FIG. 3. Ergodicity breaking parameter EB as function of the exponent α for the half-occupation time (a) and the occupation time in an
interval (b). The symbols are computed with numerical simulations, and the solid lines correspond to Eq. (66) in panel (a) and to Eq. (69) in
panel (b). The dashed line in panel (b) corresponds to Eq. (70) with β = α/2. All simulations are performed with parameters: a = 0.5, x0 = 0,
K = 1, time discretization of dt = 0.1, and N = 105 trajectories.

B. Fractional Brownian motion

The fBM is a self-similar Gaussian process with zero mean
and autocorrelation

C(t1, t2) = DH
(
t2H
1 + t2H

2 − |t1 − t2|2H
)
, (71)

with H ∈ (0, 1), so that 〈x(t )2〉 = 2DHt2H . It was first intro-
duced by Kolmogorov [46] and later studied by Mandelbrot
and van Ness [47]. It has been observed to generate the sub-
diffusion of various tracers in complex environments both in
vivo and in vitro [48–52], but also for completely different
stochastic processes such as electronic network traffic [53]
or financial time series [54,55]. In the superdiffusive regime
(1/2 < H < 1), positive increment correlations and single
trajectory powerspectra consistent with fBM were observed
for the actively driven motion of endogenous granules in-
side amoeba cells as well as for the motion of the amoeba
themselves [56,57]. In addition it has been extensively studied
in mathematical literature [55,58]. The statistical properties
of fBM have also been studied. They include the ergodicity
breaking, using the time-average square displacement [21,59],
the generalization of the arcsine laws [60] and the PDF in
confined geometries [59,61,62]. More recently, the ergodic
properties for the occupation time of fBM has been analyzed.
It has been shown that the EB parameter can be obtained
from the ML distribution [Eq. (70) with order β = 1 − H],
solely near the Brownian limit H = 1/2 [44]. So that an exact
expression for the EB valid for any H was lacking. Below, we

find exact analytic expressions for the EB of the occupation
times of fBM.

1. Half-occupation time

The mean half-occupation time is again given in Eq. (52)
while the mean-square half-occupation time follows from
Eqs. (52) and (71). Finally, we find

〈T +(t )2〉 = t2

2

(
1 − AH

π

)
, (72)

where

AH =
∫ 1

0
arctan

⎛
⎜⎝

√
4u2H − [1 + u2H − (1 − u)2H ]2

1 + u2H − (1 − u)2H

⎞
⎟⎠du.

The ergodicity breaking parameter EB+ is computed from
Eq. (21) to get

EB+ = 1 − 2

π
AH . (73)

Note that on setting H = 1/2 into Eq. (73) we recover
EB+ = 1/2.

In Fig. 4 we compare numerical simulations of fBM, where
we have obtained the set of trajectories using the circulant
embedding method (see, for example, Ref. [63]), with the
results of the first and second moments of the half-occupation
time as a function of time, for distinct values of the exponent

(a) (b)

FIG. 4. First (a) and second (b) moments of the half-occupation time over t and t2, respectively, as a function of t for the fBM. The symbols
are obtained from numerical simulations for H = 0.2, 0.4, 0.6, and 0.8. The solid lines are given by Eq. (52) in panel (a) and Eq. (72) in panel
(b), where the integral has been computed numerically. All simulations are performed with parameters: x0 = 0, DH = 1/2, number of time
points M = 223, and N = 104 trajectories.
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(a) (b)

FIG. 5. First (a) and second (b) moments of the occupation time in an interval as a function of t for the fBM. The symbols are obtained
from numerical simulations for H = 0.2, 0.4, 0.6, and 0.8. The solid lines are given by Eq. (74) in panel (a) and by Eq. (75) in panel (b), where
the integral has been computed numerically. All simulations are performed with parameters: a = 2, x0 = 0, DH = 1/2, number of time points
M = 223, and N = 104 trajectories.

H . In Fig. 6(a) we present the EB for this observable, as
a function of the exponent H . We find a good agreement
between Eq. (73) and the numerical data.

2. Occupation time in an interval

Although the stochastic dynamics of the SBM is not equiv-
alent to that of the fBm, the mean occupation time is as in
Eq. (67) but replacing α and K by 2H and DH , respectively.
Thus,

〈Ta(t )〉 � at1−H

(1 − H )
√

πDH
as t → ∞. (74)

Note that considering U (x) = 1[−a,a](x) and Eq. (71) into
Eq. (42) we recover Eq. (74).

The mean-square occupation time in the long time limit
can be obtained after introducing Eq. (71) in Eq. (56) and
considering the changes of variables τ2 = st (s ∈ [0, 1]) and
τ1 = uτ2 (u ∈ [0, 1]). We finally get

〈Ta(t )2〉 � 2a2BH

πDH (1 − H )
t2−2H , (75)

with

BH =
∫ 1

0

du√
4u2H − [1 + u2H − (1 − u)2H ]2

.

The EBa follows easily from Eq. (21) together with Eqs. (74)
and (75):

EBa = 2(1 − H )BH − 1. (76)

Note that for H = 1/2 we find EBa = π/2 − 1 as it should for
the Brownian motion [26]. In Fig. 5 we compare numerical
simulations of fBM with the results of the first and second
moments of the occupation time in the interval [−2, 2] as
a function of time, for distinct values of the exponent H .
We find a good agreement between the analytic results and
the numerical data. We also see that the convergence to the
prediction is slower for higher values of H . We plot the EBa

parameter in Fig. 6(b). We find a good agreement between
Eq. (76) and the numerical data. We observe that, as expected
from the results in Ref. [44] (which we include in the plot
as orange squares with the label KA), the EBa computed from
the ML distribution is valid solely in the region near H = 1/2,
where Eqs. (76) and (70) provide similar results. For values of
H → 0 and H → 1 we find that Eq. (70) is no longer valid.
However, our result (76) is exact and holds for the whole range
of values of H .

Figure 6 shows that EB increases with H for the fBM,
which is consistent with the results for the SBM previously
discussed, where greater persistence led to larger EB val-
ues. Since for H > 1/2 the fBM has positively correlated
increments, the process is more persistent in this regime,

(a) (b)

FIG. 6. Ergodicity breaking parameter EB as function of the exponent H for the half-occupation time (a) and the occupation time in
an interval (b). The round green symbols are computed with numerical simulations, and the solid lines correspond to Eq. (73) in panel (a)
and to Eq. (76) in panel (b). In both cases, the integrals have been numerically computed. The dashed line in panel (b) corresponds to the
ML approximation (70) and the orange squares to data from Ref. [44]. All our simulations are performed with parameters: a = 2, x0 = 0,
DH = 1/2, number of time points M = 223, final time t = 106, and N = 104 trajectories.

064111-10



ERGODIC PROPERTIES OF FUNCTIONALS OF … PHYSICAL REVIEW E 112, 064111 (2025)

(a) (b)

FIG. 7. Scaling form for T + (a) and Ta (b) for the SBM for three values of α = 0.5, 1, and 1.5 in green, orange and blue symbols,
respectively. For each parameter value, we show three trajectory final times: t = 104, 105, and 106 in circles, squares, and diamonds,
respectively. In panel (b) η = 1 − α/2. The other simulation parameters are a = 0.5, x0 = 0, K = 1, time discretization of dt = 0.1, and
N = 105 trajectories.

leading to correspondingly higher values of EB for both Ta

and T +.

C. Scaling form

From the results for the first and second moments of T +
and Ta, we can derive the scaling form of the PDFs of these
observables for the SBM and fBM in the long time limit
since 〈T +(t )2〉 ∼ 〈T +(t )〉2 and 〈Ta(t )2〉 ∼ 〈Ta(t )〉2. Assume
that in the long time limit the PDF of T + has the scaling form
P(T +, t ) ∼ g+(T +/tγ )/tη. Then,

〈T +(t )〉 ∼
∫ ∞

0
T +P(T +, t )dT + = t2γ−η

∫ ∞

0
ug+(u)du

and

〈T +(t )2〉 ∼
∫ ∞

0
T +2P(T +, t )dT + = t3γ−η

∫ ∞

0
u2g+(u)du.

Since 〈T +(t )〉 ∼ t and 〈T +(t )2〉 ∼ t2 we have γ = η = 1 and
the scaling is

P(T +, t ) ∼ 1

t
g+

(
T +

t

)
, (77)

for both SBM and fBM. Note that arcsine law and the Lam-
perti distribution obey this scaling. Proceeding analogously

with Ta we get

P(Ta, t ) ∼ 1

tη
gη

(
Ta

tη

)
, (78)

where η = 1 − α/2 for SBM and η = 1 − H for fBM. Note
also that in the Brownian limit (α = 1 and H = 1/2) this
scaling is in agreement with the half Gaussian distribution.

In Figs. 7 and 8 we check the scalings (77) [panels (a)]
and (78) [panels (b)] with simulations for SBM and fBM,
respectively. The scaling functions g+(·) and gη(·) depend on
the values of parameters α and H . We show that for fixed
values of the parameters and different values of t the data
collapse on the same curve, proving the scalings.

Finally, from infinite ergodic theory we can obtain an in-
teresting property for any observable that fulfills Eq. (22) For
the SBM, introducing Eq. (63) into Eq. (41) we readily find

ξ = lim
t→∞

〈O〉
〈O〉 = 2

2 − α
. (79)

Analogously, for the fBM, using Eqs. (71) and (41) we obtain

ξ = lim
t→∞

〈O〉
〈O〉 = 1

1 − H
. (80)

In Fig. 9 we check this result with simulations for two
specific observables: O(x) = 1[−a,a](x) and O(x) = e−|x|. In
Fig. 9 we have checked that ξ converges to Eq. (79) and
Eq. (80) for different observables. We can also see that the

(a) (b)

FIG. 8. Scaling form for T + (a) and Ta (b) for the fBM for three values of H = 0.2, 0.4 and 0.8 in green, orange, and blue symbols,
respectively. For each parameter value, we show three trajectory final times: t = 104, 105, and 106 in circles, squares, and diamonds,
respectively. In panel (b) η = 1 − H . The other simulation parameters are a = 2, x0 = 0, DH = 1/2, number of time points M = 223, and
N = 104 trajectories.
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(a) (b)

FIG. 9. Quotient ξ = limt→∞〈O〉/〈O〉 for the observables O(x) = 1[−a,a](x) (circles) and O(x) = e−|x| (squares) as function of time for
both the SBM in panel a), and the fBM in panel b). The solid lines represent Eqs. (79) and (80), respectively. The symbols are from numerical
simulations. In panel (a) the parameters used for the simulation are: α = 0.5, 1.0, and 1.25, N = 7 × 105 trajectories, x0 = 0, K = 1, and time
discretization of dt = 0.1. In panel (b) H = 0.2, and 0.6 x0 = 0, DH = 1/2, number of time points M = 222, and N = 2 × 104 trajectories.
For both plots a = 2.

convergence is slower for larger values of α and H , that is, in
the superdiffusive regime. In this regime both the number of
trajectories and the total evolution time have to be large to see
the scaling. It is interesting to observe that SBM and fBM are
microscopic models which give rise to anomalous diffusion
in the macroscopic limit. Many studies have analyzed the
microscopic differences between them [33,64]. Our results for
the two first moments and the EB parameter of the occupa-
tion times also illustrate statistical differences between SBM
and fBM.

VII. CONCLUSIONS

In this paper, we have made use of the Kac formalism to
derive the first two moments of positive stochastic functionals
in terms of the one-time and two-time PDFs of the under-
lying random walk. This formalism also allows us to show
that observables of stationary random walks are ergodic, i.e.,
their PDFs converge to a Dirac δ function in the long time
limit. We have derived exact analytical expressions for the
two first moments of functionals as the half-occupation time
and the occupation time in an interval, when the random walk
is Gaussian. These expressions have been further simplified
in the long time limit when the random walk is in addition
isotropic. We have shown that the expression for the first mo-
ments can be also derived from the infinite ergodic theory. We
have explicitly considered some relevant examples of Gaus-
sian random walks. For example, we have considered the case
of a Brownian motion with time-dependent diffusivity, the
SBM and the fBM. We compared the EB parameter for SBM
and fBM with that from the ML distribution for occupation
time in an interval. We have seen that the ML distribution is
not in general the PDF of the occupation time in an interval
for the SBM and fBM, but only for specific values of the
exponents α and H . Nevertheless, our analytic expressions for
the EB parameter agree well with the numerical simulations.
Since the occupation times are such that the second moment
scales as the square of the first moment we can infer a simple
scaling form of their corresponding PDFs in the long time
limit. Our theoretical results have been tested with Montecarlo
simulation exhibiting an excellent agreement.

The methodology used in this paper could be useful
to study the statistical properties of functionals of other

stochastic processes when the solution of the FK equation is
unknown or very difficult to solve analytically. In this work,
we have considered that the underlying process is Gaussian,
which allows us to calculate the one-time and two-time PDFs
directly from the characteristic functional. This method could
also be applied to non-Gaussian processes, such as Lévy
flights, Poisson random walk, dichotomous random walk...,
for which the characteristic functionals are also known. How-
ever, even if the characteristic functional is not available, the
two first moments and the EB parameter can be computed if
the one-time and two-time PDFs are known.
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APPENDIX A: COMPUTATION
OF THE TWO FIRST MOMENTS

Let us check that the first two moments can be obtained
from Eqs. (6) and (7). On setting n = 0 into Eq. (7),

G1(x, t ) =
∫ t

0
dτ1

∫ ∞

−∞
dx1U (x1)P(x1, τ1)P(x, t |x1, τ1),

(A1)

and from Eq. (6),

〈Z (t )〉 =
∫ ∞

−∞
G1(x, t )dx =

∫ t

0
dτ1

∫ ∞

−∞
dx1U (x1)P(x1, τ1)

×
∫ ∞

−∞
dxP(x, t |x1, τ1)

=
∫ t

0
dτ1

∫ ∞

−∞
dx1U (x1)P(x1, τ1), (A2)
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where
∫ ∞
−∞ dxP(x, t |x1, τ1) = 1 by normalization. Analo-

gously, on setting n = 1 into Eq. (7),

G2 (x, t )

=
∫ t

0
dτ2

∫ ∞

−∞
dx2U (x2)G1(x2, τ2)P(x, t |x2, τ2)

=
∫ t

0
dτ2

∫ ∞

−∞
dx2U (x2)P(x, t |x2, τ2)

∫ τ2

0
dτ1

×
∫ ∞

−∞
dx1U (x1)P(x1, τ1)P(x2, τ2|x1, τ1), (A3)

where we have considered G1(x, t ) from Eq. (A1). Finally,
from Eqs. (6) and (A3),

〈
Z (t )2〉 = 2!

∫ ∞

−∞
G2(x, t )dx

= 2!
∫ t

0
dτ2

∫ τ2

0
dτ1

∫ ∞

−∞
dx2U (x2)

×
∫ ∞

−∞
dx1U (x1)P(x2, τ2; x1, τ1). (A4)

Indeed, Eqs. (A2) and (A4) are equal to Eqs. (4) and (5) as
expected.

APPENDIX B: DERIVATION OF EQ. (43)

Consider the following integral:

I (k) =
∫ ∞

−∞
dx e−ikxθ (x)

=
∫ ∞

0
dx cos(kx) − i

∫ ∞

0
dx sin(kx). (B1)

The last two integrals are not convergent in the Riemann or
Lebesgue sense, so I (k) either. However, it is possible to
express I (k) in terms of distributions. To do so, consider

J (k) =
∫ ∞

−∞
dx e−ikxθ (x)e−εx =

∫ ∞

0
dx e−i(k+ε)x, (B2)

where ε is a positive constant. Now, J (k) is integrable, since
e−εx → 0 as x → ∞. Therefore, Eq. (B2) becomes

J (k) = 1

ik + ε
. (B3)

On the one hand, note that limε→0+ J (k) = I (k). On the other
hand, the Sokhotski-Plemelj identity states that

lim
ε→0+

1

k ± iε
= P

(
1

k

)
∓ iπδ(k), (B4)

where P denotes the Cauchy’s principal value. In conse-
quence, Eq. (B1) reads

I (k) = −i

[
P
(

1

k

)
+ iπδ(k)

]
= − i

k
+ πδ(k). (B5)

APPENDIX C: DERIVATION OF EQ. (46)

Let us first compute the integrals in Eq. (14) over k1 and k2

separately using Eq. (43). Hence,∫ ∞

−∞
dk1

∫ ∞

−∞
dk2P̃(k2, τ2; k1, τ1)Ũ (−k1)Ũ (−k2)

= π2 −
∫ ∞

−∞

dk1

k1

∫ ∞

−∞

dk2

k2
P̃(k2, τ2; k1, τ1)

− iπ
∫ ∞

−∞

dk1

k1
P̃(k1, τ1) − iπ

∫ ∞

−∞

dk2

k2
P̃(k2, τ2).

(C1)

The second and third integrals of the right-hand side in the
above expression are actually the same integral and using Eq.
(39) one finds∫ ∞

−∞

dki

ki
P̃(ki, τi ) = iπ erf

( 〈x(τi )〉√
2C(τi, τi )

)
, (C2)

with i = 1, 2. However, the first integral can be computed
using Eq. (40). To this end we define

I1(C(τ1, τ2)) =
∫ ∞

−∞

dk1

k1

∫ ∞

−∞

dk2

k2
P̃(k2, τ2; k1, τ1) (C3)

and note that

− ∂I1

∂C(τ1, τ2)
=

∫ ∞

−∞
dk1

∫ ∞

−∞
dk2P̃(k2, τ2; k1, τ1).

Computing first the integral over k2 we find∫ ∞

−∞
P̃(k2, τ2; k1, τ1)dk2

= eik〈x(τ1 )〉− k2
1
2 C(τ1,τ1 )

∫ ∞

−∞
eik〈x(τ2 )〉− k2

2
2 C(τ2,τ2 )−k1k2C(τ1,τ2 )dk2

=
√

2π

C(τ2, τ2)
eik〈x(τ1 )〉− k2

1
2 C(τ1,τ1 )e

(k1C(τ1 ,τ2 )−i〈x(τ2 )〉)2

2C(τ2 ,τ2 ) ,

where we have made use of the result∫ ∞

−∞
e−βz2−γ z cos(bz)dz = 1

2

√
π

β
[e

(γ−ib)2

4β + e
(γ+ib)2

4β ], (C4)

with b = 0. Rearranging the factors, the integral over k1 can
be written as∫ ∞

−∞
dk1

∫ ∞

−∞
dk2P̃(k2, τ2; k1, τ1)

=
√

2π

C(τ2, τ2)
e− 〈x(τ2 )〉2

2C(τ2 ,τ2 )

∫ ∞

−∞
dk1

× cos

[
k1

(
〈x(τ1)〉 − 〈x(τ2)〉C(τ1, τ2)

C(τ2, τ2)

)]
e−k2

1
�(τ1,τ2 )
2C(τ2 ,τ2 ) ,

where �(τ1, τ2) = C(τ1, τ1)C(τ2, τ2) − C(τ1, τ2)2. The inte-
gral of the right-hand side can be solved with the help of
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Eq. (C4) setting γ = 0, so that∫ ∞

−∞
dk1

∫ ∞

−∞
dk2P̃(k2, τ2; k1, τ1)

= 2π√
�(τ1, τ2)

e− 〈x(τ2 )〉2
2C(τ2 ,τ2 ) e−

[〈x(τ1 )〉−〈x(τ2 )〉 C(τ1 ,τ2 )
C(τ2 ,τ2 ) ]2

2�(τ1 ,τ2 ) C(τ2,τ2 )
.

To find I1(C(τ1, τ2)) we have to integrate the previous expres-
sion over C(τ1, τ2). The integral cannot be solved but can be
expressed as

I1(C(τ1, τ2)) = −F (y, ξ1, ξ2) + φ, (C5)

where φ is an integration constant that may depend on the
other parameters and

F (y, ξ1, ξ2) = 2π

∫
dy√

1 − y2
exp

[
−ξ 2

1 + ξ 2
2 − 2yξ1ξ2

2(1 − y2)

]
,

with

y = C(τ1, τ2)√
C(τ1, τ1)C(τ2, τ2)

, ξi = 〈x(τi )〉√
C(τi, τi )

,

i = 1, 2. To find φ we consider C(τ1, τ2) = 0 in Eq. (C3) and
observe that in this case P̃(k2, τ2; k1, τ1) = P̃(k2, τ2)P̃(k1, τ1).
This means that

I1(0) =
∫ ∞

−∞

dk1

k1
P̃(k1, τ1)

∫ ∞

−∞

dk2

k2
P̃(k2, τ2)

= −π2 erf

( 〈x(τ1)〉√
2C(τ1, τ1)

)
erf

( 〈x(τ2)〉√
2C(τ2, τ2)

)
,

where we made use of Eq. (C2). However, setting C(τ1, τ2) =
0 in Eq. (C5) we have I1(0) = −F (0, ξ1, ξ2) + φ, which fixes
the expression for φ. Finally, from Eqs. (C5) and (C3) we
obtain∫ ∞

−∞

dk1

k1

∫ ∞

−∞

dk2

k2
P̃(k2, τ2; k1, τ1)

= −π2 erf

( 〈x(τ1)〉√
2C(τ1, τ1)

)
erf

( 〈x(τ2)〉√
2C(τ2, τ2)

)

− 2π

∫ C(τ1 ,τ2 )√
C(τ1 ,τ1 )C(τ2 ,τ2 )

0

dz√
1 − z2

exp

[
−ξ 2

1 + ξ 2
2 − 2zξ1ξ2

2(1 − z2)

]
.

Finally, introducing the above expression and Eq. (C2)
into Eq. (C1) we obtain Eq. (46) using Eq. (14).

APPENDIX D: DERIVATION OF EQS. (49) AND (51)

We detail the derivation of the general expression for
〈Ta(t )〉 and 〈T 2

a (t )〉 in terms of 〈x(t )〉 and autocorrelation of
the Gaussian process: Eqs. (49) and (51). Let us start with the
first moment. To compute the integral over k in Eq. (48) we
need to introduce a parametric derivative as follows. Define
the integral

I2(a) =
∫ ∞

−∞

sin(ka)

k
eik〈x(τ )〉− k2

2 C(τ,τ )dk. (D1)

Its derivative with respect to a can be found using Eq. (C4),
so that

∂I2(a)

∂a
=

∫ ∞

−∞
cos(ka)eik〈x(τ )〉− k2

2 C(τ,τ )dk

= 1

2

√
2π

C(τ, τ )

[
e− (a+〈x(τ )〉)2

2C(τ,τ ) + e− (a−〈x(τ )〉)2

2C(τ,τ )
]
.

Now, integrating the previous equation over a we find

I2(a) = π

2

[
erf

(
a − 〈x(τ )〉√

2C(τ, τ )

)
+ erf

(
a + 〈x(τ )〉√

2C(τ, τ )

)]
, (D2)

where the integration constant is zero provided that I2(a =
0) = 0. Finally, Eq. (48) has the form

〈Ta(t )〉 = 1

2

∫ t

0

[
erf

(
a − 〈x(τ )〉√

2C(τ, τ )

)
+ erf

(
a + 〈x(τ )〉√

2C(τ, τ )

)]
dτ,

which is Eq. (49).
The second moment 〈Ta(t )2〉 is found from Eq. (50). We

insert Eq. (40) into Eq. (50) and perform the integrals but only
one integral with respect to k2 or k1 can be solved explicitly.
To compute the integral over k2 we define the integral

I2(a, k1, τ1, τ2)

=
∫ ∞

−∞
dk2

sin(k2a)

k2
eik2〈x(τ2 )〉−k1k2C(τ1,τ2 )− k2

2
2 C(τ2,τ2 ).

Its derivative with respect to a can be found explicitly:

∂I2(a, k1, τ1, τ2)

∂a

=
∫ ∞

−∞
dk2 cos(k2a)eik2〈x(τ2 )〉−k1k2C(τ1,τ2 )− k2

2
2 C(τ2,τ2 )

=
√

π

2C(τ2, τ2)

[
e− (a+〈x(τ2 )〉+ik1C(τ1 ,τ2 ))2

2C(τ2 ,τ2 ) + e− (a−〈x(τ2 )〉−ik1C(τ1 ,τ2 ))2

2C(τ2 ,τ2 )
]
.

Integrating over a we find

I2(a, k1, τ1, τ2) = π

2

[
erf

(
a − 〈x(τ2)〉 − ik1C(τ1, τ2)√

2C(τ2, τ2)

)

+ erf

(
a + 〈x(τ2)〉 + ik1C(τ1, τ2)√

2C(τ2, τ2)

)]
,

which combined with Eq. (50) yields

〈Ta(t )2〉 = 2

π2

∫ t

0
dτ2

∫ τ2

0
dτ1

∫ ∞

−∞
dk1

sin(k1a)

k1

× eik1〈x(τ1 )〉− k2
1
2 C(τ1,τ1 )I2(a, k1, τ1, τ2),

which is Eq. (51).

APPENDIX E: DERIVATION OF EQ. (65)

Since C(τ1, τ1)C(τ2, τ2) > C(τ1, τ2)2, we can use the
trigonometric identity

arctan

(√
C(τ2, τ2)C(τ1, τ1)

C(τ1, τ2)2
− 1

)

= π

2
− arcsin

(
C(τ1, τ2)√

C(τ1, τ1)C(τ2, τ2)

)
. (E1)
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Therefore, Eq. (52) reduces to

〈T +(t )2〉 = t2

4
+ 1

π

∫ t

0
dτ2

∫ τ2

0
dτ1

× arcsin

(
C(τ1, τ2)√

C(τ1, τ1)C(τ2, τ2)

)
. (E2)

Using Eq. (62), Eq. (E2) reads

〈T +(t )2〉 = t2

4
+ 1

π

∫ t

0
dτ2

∫ τ2

0
dτ1 arcsin

(√
τα

1

τα
1

)
. (E3)

Considering the change of variables u =
√

τα
1

τα
2

, Eq. (E3) gives

〈T +(t )2〉 = t2

4
+ t2

πα

∫ 1

0
du u

2
α
−1 arcsin(u). (E4)

Taking u′ = arcsin(u) and dv′ = u
2
α
−1du and integrating by

parts, Eq. (E4) becomes

〈T +(t )2〉 = t2

2
− t2

2π

∫ 1

0
du u

2
α (1 − u2)−

1
2 . (E5)

Consider now the change of variables w = u2. Then, Eq. (E5)
turns into

〈T +(t )2〉 = t2

2
− t2

4π

∫ 1

0
dw w

1
α
+ 1

2 −1(1 − w)
1
2 −1. (E6)

The β function is defined as B(a, b) = ∫ 1
0 dw wa−1(1 −

w)b−1, where a and b are real entries. Then, the integral in (E6)
is equal to B( 1

α
+ 1

2 , 1
2 ). Also, the relation between the β and

the γ function is given as B(a, b) = 
(a)
(b)

(a+b) . Thus, Eq. (E6)

finally looks as

〈T +(t )2〉 = t2

2

[
1 − 1

2
√

π



(

1
α

+ 1
2

)


(
1 + 1

α

)
]
. (E7)

APPENDIX F: DERIVATION OF EQ. (68)

After combining Eqs. (61) and (62), we get

〈Ta(t )2〉 �
t→∞

2a2t2

πK

∫ 1

0
dv v

∫ 1

0
du (uvt )−

α
2 ((vt )α − (uvt )α )−

1
2

= 2a2t2−α

πK (2 − α)

∫ 1

0
du u− α

2 (1 − uα )−
1
2 . (F1)

Now, considering the change of variables w = uα , Eq. (F1) turns into

〈Ta(t )2〉 �
t→∞

2a2t2−α

α(2 − α)πK

∫ 1

0
dw w

1
α
− 3

2 (1 − w)−
1
2 . (F2)

The integral above is equal to B( 1
α

− 1
2 , 1

2 ). Provided that B(a, b) = 
(a)
(b)

(a+b) , Eq. (F2) reads

〈Ta(t )2〉 �
t→∞

2a2

K
√

π



(

1
α

− 1
2

)
α(2 − α)


(
1
α

) t2−α . (F3)

APPENDIX G: DERIVATION OF EQ. (72)

After introducing Eq. (71) in Eq. (52), we get that

〈T +(t )2〉 = t2

2
− 1

π

∫ t

0
dτ2

∫ τ2

0
dτ1 arctan

⎛
⎝

√√√√ 4τ 2H
1 τ 2H

2(
τ 2H

1 + τ 2H
2 − (τ2 − τ1)2H

)2 − 1

⎞
⎠. (G1)

Since 0 � τ2 � t , we can parametrize τ2 as τ2 = st , with s ∈ [0, 1]. Similarly, τ1 = uτ2, with u ∈ [0, 1]. Then, dτ2 dτ1 =
st2 ds du. Therefore, Eq. (G1) becomes

〈T +(t )2〉 = t2

2
− t2

π

∫ 1

0
s ds

∫ 1

0
du arctan

⎛
⎝

√
4 u2H

(u2H + 1 − (1 − u)2H )2
− 1

⎞
⎠, (G2)

which yields

〈T +(t )2〉 = t2

2

[
1 − 1

π

∫ 1

0
du arctan

(√
4u2H − (1 + u2H − (1 − u)2H )2

1 + u2H − (1 − u)2H

)]
. (G3)
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