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Abstract. We investigate the ergodic properties of Brownian motion in hetero-
geneous media through the statistics of occupation times. Using the Feynman—
Kac formalism, we derive analytical expressions for the distributions, moments,
and ergodicity-breaking parameters of occupation times in two models with spa-
tially varying diffusion coefficient: a piecewise-constant profile and a power-law
profile. In the piecewise model, the half occupation time and the occupation
time within an interval follow asymmetric arcsine and half-Gaussian distribu-
tions, respectively, indicating non-ergodic behavior. For the power-law case, the
corresponding distributions are the Lamperti and Mittag—Leffler. In both models,
we identify a transition from non-ergodic to ergodic dynamics as the exponent
vary. Numerical simulations fully corroborate the analytical results, demonstrat-
ing the effectiveness of the Feynman—Kac approach for quantifying ergodicity in
heterogeneous diffusion processes.
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1. Introduction

Heterogeneous diffusion processes have received growing attention in recent years,
motivated by the need to understand transport in complex systems where microscopic
properties vary in space or time. Such systems arise naturally in physics, chemistry, and
biology, encompassing transport in porous materials, colloidal suspensions, and intra-
cellular environments. The nonuniform structure of these media often induces strong
spatial dependencies in local transport coefficients, leading to diffusion dynamics that
deviate significantly from classical Brownian motion. Studies of diffusion in heterogen-
eous media cover a wide range of scenarios, including particles confined between nearly
parallel plates [1], diffusion under temperature gradients [2], nanoporous solids [3],
and confined hard-sphere fluids [4]. In parallel, experimental developments—particularly
single-particle tracking techniques [5—11]-have enabled the direct observation of indi-
vidual trajectories, uncovering pronounced spatial variations of the diffusion coefficient.
For instance, both experimental and numerical investigations have shown that the diffu-
sion coefficient of proteins within the cell cytoplasm depends systematically on position
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[12, 13]. These results highlight the importance of accounting for space-dependent dif-
fusion coefficient in realistic descriptions of transport.

Models with space-dependent diffusion coefficients have been used successfully in
several contexts, such as Richardson diffusion in turbulence [14], mesoscopic trans-
port in disordered porous media [15], and diffusion on random fractal structures [16].
The inclusion of spatial heterogeneity leads to rich and often anomalous dynamical
behavior. Recent theoretical analyses have reported phenomena such as non-Gaussian
propagators, anomalous scaling of the mean-squared displacement (MSD), and weak
ergodicity breaking between time-averaged and ensemble-averaged MSDs [5, 6, 17, 18].
These observations have established heterogeneous diffusion as a minimal and versatile
framework for studying deviations from standard ergodic diffusion.

However, most previous studies have characterized ergodicity breaking through
ensemble- and time-averaged MSDs, while less attention has been devoted to the comple-
mentary perspective based on occupation times-the fraction of time a particle spends
in a given spatial region. Occupation-time statistics provide an alternative probe of
dynamical sampling and ergodic properties, particularly in systems where the diffusion
coefficient varies spatially. They offer a direct measure of how the particle explores
distinct regions of heterogeneous space and thus encode information inaccessible from
MSD-based analysis alone.

In this work, we investigate the statistical properties and ergodic behavior of a
Brownian particle diffusing in heterogeneous media, focusing on the distribution and
moments of occupation times. Using the Feynman—Kac formalism, we derive exact and
asymptotic results for two classes of functionals: the half occupation time (the time
spent by the particle in the positive half-space) and the occupation time within a finite
interval. We consider two representative spatial dependencies of the diffusion coeffi-
cient: (i) a piecewise-constant dependence, where the diffusion coefficient differs between
the positive and negative halves of space, and (ii) a power-law dependence. From the
Feynman—Kac equation, we derive the ergodicity-breaking (EB) parameter in terms of
the first two moments of the occupation time, and examine its dependence on the form
of the spatial heterogeneity. The results elucidate how variations in the diffusion coef-
ficient give rise to nontrivial statistics of occupation times, thereby contributing to a
more complete theoretical understanding of anomalous transport and ergodicity break-
ing in heterogeneous media. While in this work we focus on these two explicit cases,
the formalism is general, and can be applied to any other explicit expression for the
diffusion coefficient.

Our results are organized as follows. In section 2, we show the Feynman-Kac
equation for the characteristic function of a functional of a Brownian particle with
a space-dependent diffusion coefficient. We also introduce the two explicit expressions
for the diffusion coefficient analyzed in this paper. In section 3, we illustrate how to
analyze the ergodic properties from the first two moments of a functional. In sections 4
and 5 we obtain the results for the occupation times in the half space and in an interval,
respectively. We conclude in section 6.
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2. Generating function of a Brownian functional

Consider the stochastic functional
t
Z(than) = [ Ula(m)]ar 0
0

where U[z(7)] is a positive function of the stochastic trajectory {z(7);0 <7 <t} of a
particle which is initially at zq, this is, z(t = 0) = x¢. Let P(Z,t|z() be the probability
density function (PDF) of the functional Z(t) and Q(p,t|x) its characteristic function
or generating function, this is,

Q (p,t|xo) :/ e_pZP(Z,ﬂxo) dz = <e_pz(t)> = <e_PJbtU[$(T)}dT> (2)
0

which is nothing but the Laplace transform with respect to Z. Expanding the exponen-
tial in power series

Q (p,t|.fl?0) _ <Z (_p)"z(t’xo)n> _ Z (_p)” <Z (t‘xo)n> ) (3)

| |
i n: 0 n:

We also introduce another Laplace transform conjugate to time as

O (p.5]20) = Lo [Q (pr o)) = / "t o 'Q (pta) (4)

0

The moments of Z(t|zy) can be obtained from the derivatives of Q(p, s|z) in a system-
atic manner. To do this, we first define the Laplace transform of the moments

(Z (sl0)") = L15[(Z (t]z0)")]
:/ dt e_St/ Z (t|xy)" P (Z,t|xy)dZ. (5)
0 0

From (2) it is straightforward to show that the moments are represented in terms of
the generating function in the following way

n an@ (p7 S|':C0)
op"

(Z (s]0)") = (=1) (6)

p=0

Now we need to find the expression for the generating function Q(p, s|zp) which depends
of the details of the underlying random walk. Let z(t) be the position of a Brownian
particle moving in a one-dimensional heterogeneous media. It is a stochastic process
evolving according the overdamped Langevin equation with a space-dependent diffusion
coefficient, namely,

) _ ap@ien Y
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where £(t) is a Gaussian noise with zero mean and autocorrelation (£(¢)§(t')) = d(t —
t’). To completely define the meaning of equation (7), we must identify the integral
stochastic interpretation adopted. The ergodic properties of the trajectories emerging
from equation (7) for different interpretations have been studied in reference [19]. In the
following we consider the Langevin equation in the It6 interpretation [20]. The solution
to the corresponding Fokker-Planck equation has been found for a variety of examples
of D(x) [21, 22]. Such spatially dependent diffusion coefficients model many processes,
where a partial list includes random walks in an inhomogeneous medium [1, 23, 24],
chemical reactions [25], diffusion (in momentum space) in laser cooling processes [26],
dissipative particle dynamics [27], vortex-antivortex annihilations [28], biophysics [12,
29, 30] e.g. measurements of proteins’ diffusivity in mammalian cells [12], and modeling
of 1/f noise [31].

When the particle’s position evolves according to (7), the generating func-
tion Q(p,s|zy) of the functional (1) obeys the so called backward Feynman Kac
equation [32]

%’tﬂxo) :D((EQ)M_pU(ZO)Q(I)aﬂmO)' (8)
Lo

It is important to note that the expression for the Feynman—Kac equation depends on
the stochastic interpretation chosen, and so do all the results obtained from it. For each
explicit expression of U(z), we have to solve equation (8) for the generating function
using suitable boundary conditions, and then use equation (6) to derive the moments.
To do this we need also to specify the explicit expressions for D(z). First we assume
the power law dependence [6, 18, 19, 33-35]

D (z) = Dy|z|*, a<2. (9)
The corresponding Fokker-Planck equation for P(z,t) in the It6 interpretation is

OP (z,t) 0?

5 :DO@UQI‘\ P(x,t)]

whose solution is (see appendix C in reference [18])

z27u
Plat) = —2 o i (10)
ofoet=
where
o (2o

205 T (32)
The MSD becomes

<x2(t)>:/_oo 2’ P (z,t)dr = 2N F(;:Z) [4D0(2—a)]%tﬁ. (11)
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The diffusion is normal for &« =0 and ballistic for a« =1. The subdiffusive regime is
found for a < 0 the superdiffusive for 0 < o < 1 and the super-ballistic for 1 < a < 2. In
simulations, we need to regularize the diffusion coefficient by considering

D(m):{ D0(|.ID|Q+E), a>0

|x|_—3+6, a<0

with € < 1 to prevent the particles from trapping or divergences at x =0 [5, 36].
Another interesting choice for the spatial dependence of the diffusion coefficient is

the piecewise constant spatial form [37-39]

D, <0
D(x)—{ Di, >0 (12)

with Dy > 0. This form of position-dependent diffusion coefficient was previously used
to find the solution of the Langevin equation in an open system, without a trapping
potential [38]. The MSD in this case is (x*(t)) = 2y/D; D_t so that it is diffusive [38].

Below, we illustrate how to compute the generating function and the two first
moments for specific functionals. Let us first show how to analyze ergodic properties in
terms of the two first moment of a functional.

3. Ergodicity breaking

Let us consider a stochastic trajectory z(7) observed from 7=0 up to time 7="1.
Consider an observable O[z(7)], a function of the trajectory (7). Since z(7) is stochastic
in nature, the observable O[z(7)] will also be fluctuating between the realizations. An
observable of the random walk is said to be ergodic if the ensemble average equals the
time average (O) = O in the long time limit. This means that if O[z(7)] is ergodic then
its time average O is not a random variable. As a consequence, the limiting PDF of
O is

P (0.t o0) =5(0—(0)). (13)

At this point, let us define the density P(x,t) which is the probability to find the particle
at the point z at time ¢, i.e. it is the propagator. If the observable is integrable with
respect to the density P(z,t), then the ensemble average is

(O (1)]) = / " O] P(o.t) da. (14)

—00

The time average of Ox(t)] is defined as

Oz (t)] :%/0 Olx(1)]dr. (15)

https://doi.org/10.1088/1742-5468/ae337d 6
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For non-ergodic observables, since O is random, its variance Var(O) is non-zero in the
long time limit. Otherwise, for an ergodic observable Var(Q) = 0 in the long time limit.
Keeping this in mind, one can define the ergodicity breaking parameter EB in the

following way

EB = lim\ﬁar_—(?): lim w (16)
M TR

For ergodic observables, one should have EB = 0.
In the examples below we consider the observable O[z(t)] = U[z(t)] so that the time
average of the observable is from (15)

— 1

(’)[m(t)]:—/o Uls (7)) dr = 2. (17)

t

and so

<5>=<Zt(t>>, (0°) @ (18)

Finally, from (16) we can find the ergodicity breaking parameter in terms of the two
first moments of the functional

EB = <Z(—t)2>—1 (19)
(Z(1)?

as t — 00.

Another quantity of interest which characterizes ergodicity is the PDF of the time
averaged observable O[z(t)] around its mean for long times, so we define the dimen-
sionless random variable

O
1=l 5y (20)
and from (17) and (18), the relative time averaged observable Ul[z(t)] is defined by

Z
n = lim (®)

2z w) 2

Once P(Z,t|0) is found by solving the Feynman-Kac equation (8), the PDF of n follows
from

P(n)=P(Z=n{Z()),t)(Z(t)). (22)

https://doi.org/10.1088/1742-5468/ae337d 7
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It is interesting to note that the variance of 7 is nothing but the ergodicity breaking
parameter:

Var(m) = (n?) — (2 =(n®y—1="_"/ _1_EB.
(=)= =n")-1 2 1

Therefore, for ergodic observables (EB = 0) one has

Pm)=4d(n-1), (23)

in agreement with (13).

4. Half occupation time

We consider the occupation time T (t|xg) of the particle above the origin (i.e. on the

positive half-space) within a time window of size t if it was at x =x¢ at t=0. It is
defined as

(T* (1)) = / 0l (r)] dr

so that U(xzg) =6(x¢) in this case. The characteristic function of 7" has to be solved
under the appropriate boundary conditions [40]. If the starting point xy — 400 the
particle will stay on the positive side with x(t) > 0 for all finite ¢ implying T (¢|zo —
+00) = t and accordingly P(T,t|zg — +00) = 6(T+ — 1), i.e. Q(p, s|lzg — +o0) =1/(s+
p). On the other hand, if the starting point xy — —oo the particle will never reach the
positive side and it will stay on the negative half-space implying T (t|xg — —o0) =
0 and hence P(T*,t|zg — —o0) = (1), so that Q(p,s|zg — —oo) = 1/s. Performing
the Laplace transform of (8) with respect to t, the Feynman-Kac equation for the
characteristic function Q(p, s|z) reads

dQQ (p,8|$0)

o =) Q sk (24)

sQ (p,slxg) —1 =D (x0)

which has to be solved according to the boundary conditions

~ 1 ~ 1
— =— — —00) = —. 25
Q(p,s\xo +OO) S—|—p7 Q(p,s‘xo OO) S ( )
To this end we need to specify the expression of D(z). Once Q(p,s]:co) is known,
one can find the PDF of y=T7/t in the long time limit by using the method in
reference [41].

https://doi.org/10.1088/1742-5468/ae337d 8
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4.1. Piecewise heterogeneity

For the piecewise diffusion coefficient (12) we solve (24) in the regions zy < 0 and x¢ > 0
separately taking into account (25). We find

1 o, | =
Q—(P,S|$0):§+A1eo P, e <0

1 . [5R
Q. (p,s]xg) = —— 4 Bae Vi 25> 0. (26)
S+p
The constants A; and B, can be found by requiring continuity of Q and its derivative

8%@ across zg=_0. This implies

Q— (p,3|x0 — 0) = Q+ (p,s|x0 — O)

0Q (p, s|xo) | 0Q+ (p, s|wo)
Sl o o

Then introducing (26) into (27) and solving the resulting system of equations we obtain
Ay and Bj and setting zy =0 for simplicity into (26) we finally get

@<p,s\o>=8—<1+ - ) (28)

_ |p_
=1\ D.

can be regarded as the asymmetry parameter. To invert the characteristic function (28)
back to T and ¢ we note that it has the following scaling behavior

where

~ 1 P
Qp.s10)=~g(%).
57 \s
Then the random variable y = T/t possesses the distribution
T+
P(yl0)=P (y = T,t|0> =tP (T =yt,t|0)

which can be computed as was done in [41] by noting

P(ym):_inmlm[g(— ! )] (29)

TY =0 Y+ i€

https://doi.org/10.1088/1742-5468/ae337d 9
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y=141 a) y=1.00 b) 0y =0.71 ©)

t=10* ¢ r=10° =10 ¢ r=10° t=10* ¢ r=10°

(P(T 4 ,110)
(P(T 4 ,110)

y=T,/t

Figure 1. Limiting distribution of the half-occupation time for the piecewise het-
erogeneity. The different symbols are for trajectories with ¢ =10%10° and 10°.
The black solid line corresponds to equation (31). D, =0.5,1.0, and 2.0 in panels
(a), (b), and (c), respectively. In all panels D_ = 1.0, 2, =0, simulation timestep
dt =0.1, and N = 10* trajectories.

Thus, from (28)

700 =1 (1 )
where x = p/s. Setting x ! = —y — ie and computing (29) we find the asymmetric arc-
sine PDF
1 T+
P(It0) = 1 F (T) (30)
where
F(y) = .

Tyl =y)[y+7*(1-y)]
Thus, from (29),
gl

™yl -yly+121-y)

The same limiting distribution has been obtained for a random walk in one dimension
under an asymmetric force field acting on a finite region [42]. Although there is no a
general direct correspondence, in a way, the confining effect of the asymmetric force field
is physically analogous to a heterogeneous media with constant asymmetric diffusion
coefficient. In figure 1 we test the result (31) against numerical simulations. We see that
for sufficiently large values of ¢, tP(T",t|0) converges to the limiting distribution F(y).
Unlike for the arcsine case, the minimum of F(y) is not located at y =1/2 as can be
also observed in figure 1. It is located at

P (y|0) = 0<y<l. (31)

5 =3—/9 - 149249
Ymin = 8(v2—1) '

From this expression and also from figure 1 we see that if v > 1 then y,;;, moves to the
left while if v <1 it moves to the right. For y=1, ynm = 1/2 as expected.

https://doi.org/10.1088/1742-5468 /ae337d 10
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0.7 251

a) 0.6 b) ¢)

0.6 20+

05 S04
~
~ 101

(T4 )t
E

0.4+°
y=1.41 y=1.00 ¢ y=0.71 02 y=141 y=1.00 ¢ y=0.71 05+

0.3+ + + + + + + i ' + +
10 10° 104 10° 10 10? 10° 10* 10° 10° 0.5 1.0 L5
t t 7

Figure 2. (a) (T*(t)), (b) (T"(¢)?), and (c) EB, of the half-occupation time for
the piecewise heterogeneity. In panels (a), and (b) the solid lines are computed with
equation (32), Dy = 0.5,1.0, and 2.0; In panel (c) the solid line is equation (33). In
all panels D_ = 1.0, 2o =0, simulation timestep dt = 0.1, and N = 10* trajectories.

The two first moments of P(T"",¢|0) can be found from (6) with (28) or from (31).
In any case we find

N Fp2\ Y (1+27)
(T (1) = 5t <T (1) >_2<7+1)2t. (32)

Note first that (T (¢)) >¢/2 (the time spent at x>0 is in average higher than half
of the total time) if v > 1, this is, if D_ > D, . This is expected since in this case the
motion of the particle is slower in the region z >0 than in the region z < 0. Note also
that the coefficient v/(1+ ) in (32) corresponds to the probability that the particle is
at x> 0.

If D_ = D, one has v=1 and the two moments (32) reduce to the values correspond-
ing to the BM in a homogeneous media. In addition, when v=1 equation (31) turns
into the arcsine law [43]. Now, we are in position to compute the ergodicity breaking
parameter. From (19) and (32) we finally find

EB —<T+(t)2> 1= ! 33
Trer Ty .

which predicts a non-ergodic behavior regardless of the values of ~.

In figure 2 we compare (32) and (33) with numerical simulations. The greater D_ is
in comparison to D, , the greater - is, therefore the probability that the particle is at
x >0 increases, and thus the time spent there also is greater. This is captured by EB
which decreases with v as expected.

Finally, we compute the PDF of the time average of the observable 0[x(t)], this is,
the PDF of the time averaged occupation fraction

T+
Ny = lim (34)

t=oo (T (1))

https://doi.org/10.1088/1742-5468 /ae337d 11
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y=141 201 y=1.00 y=0.71 c)
2
= t=10* ¢ t=10° 15 t=10* ¢ r=10° 2 t=10* & r=10°
§ 0 1=10° s 0 1=10° § 0 t=10°
1 10
0.5 j
00 00 15 00 05 10 15 20

N+ n+

Figure 3. PDF of the time averaged half-occupation time for the piecewise het-
erogeneity. The different symbols are for trajectories with ¢ =10%10°, and 106.
D, =0.5,1.0, and 2.0 in panels (a), (b), and (c), respectively. The solid line is
computed with equation (35) In all panels D_ = 1.0, 7, =0, simulation timestep
dt =0.1, and N = 10* trajectories.

as defined in equation (21). It can be obtained from the limiting distribution P(y|0) by
simply accounting for the relation between the variables y and 7. We find from (31)
the density

Y Y
P :—P =
(n4) P (y 7+1+>

v
_ 3
m(y+ 0 — ) Ve (L4+v—m4) (35)

where 0<mny <(y+1)/y. In figure 3 we compare equation (35) with numeric
simulations.

4.2. Power law heterogeneity

For the power law diffusion coefficient (9) we solve (24) in the regions xy < 0 and zy > 0
separately. The solution for the characteristic function is

Qlpsloy= 14— P | 4z (36)

s+p 1+(s+p)ziu

for o =0 (see appendix A for details of the derivation).
To invert (36) to the real space, one can follow the same method employed for the
piecewise heterogeneity. Thus, from (29)

1 X
gxX)=7— |1+ —— 1|,
Xl 1ta +x>2¥]
so that
1 T+
P (T+,t|0) = ?Gz% (T) (37)

https://doi.org/10.1088/1742-5468 /ae337d 12
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where the scaling function is

1+

G (y):SHl(ﬁ) [y(l_y)]ﬁ —.

Ty (L) 2e0s (55) [y (- )]

for « <1 with y =T7/t. Thus, the PDF for y reads

—lta

sin (57;) ly(1—y)]>
T yT e (L-y)7 o+ 2c0s (35) [y (1 —y)] 7w

P(yl0) = (38)

for 0 < y < 1. This result has been found in [35] by other means, but it is included here for
completeness. However, the ergodic properties discussed below have not been explored in
[35]. Equation (37) is the Lamperti PDF with index 2/(2 — «) which has been obtained
in [44, 45] for a particle moving subdiffusively. However, equation (38) holds both when
the underlying random walk is subdiffusive (a < 0) or superdiffusive (0 < a < 1). Note
also that in the limit & — 0 (homogeneous case) equation (38) reduces to the arcsine law
as expected. Moreover, it can be shown that equation (38) possess a local maximum
at y =1/2 when the heterogeneity is strong enough, this is, when the exponent « is
high enough. The heterogeneity introduced through the spatial dependence given in
equation (9) induces the particle to move in a region close to the origin, where the
diffusion coefficient attains its minimum value. As « increases this region shrinks. This
effect prevents the particle from performing excursions of long duration and forces the
particle to revisit the origin more frequently. Thus, if o> a,. a maximum of P(y|0)
appears at y=1/2 (T =t/2). When « < «, this peak disappears and P(y|0) attains
a U shape, indicating that the particle spends almost its entire time in one side (z <0
or z>0) only. To find o we impose the condition (dP(y|0)/dy),—1/2 =0 for the PDF
given in equation (38). Thus, a. is the solution to the nonlinear equation

( T ) dae —2 —
COS = 5
2— Q¢ (2 — Oéc)

whose numerical solution is a, ~ 0.318. It is easy to show that P(y|0) ~ y_é%Z and

11—«

P(yl0) ~ (1 —y) >

when y is close to 0 and 1, respectively. Then, P(y|0) diverges at y =0 and at y=1.
In consequence, (38) has two possible shapes, a U shape if a <0.318 or a W shape
if @>0.318; both cases are shown in figure 4(panels (a) and (b)). In panel (c) we
compare the limiting distribution obtained from simulations for a=1.5 with (43) in
the Laplace space, this is, with P(u|0) = £,,[P(y|0)] = £,-.[6(y — 1)] = €%, In the
inset we show the plot in the real space. In all panels we plot data for different ¢ to
illustrate the convergence to the limiting distribution.

Transitions in the shape of the limiting distribution of T’ /¢ have been discussed
across systems with distinct confining mechanisms, such as in diffusion and subdiffusion
with power-law stochastic resetting [46], or for CTRW in a box [47]. In these cases,
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Figure 4. Limiting distribution of the half-occupation time for the power-law het-
erogeneity. The different symbols are for trajectories with ¢ = 10*,10%, and 10°. In
panels (a), and (b) the black solid line corresponds to equation (38); In panel (c)
corresponds to e % and to §(t — 0.5) in its inset. @ = —0.05,0.5, and 1.5 in panels
(a), (b), and (c), respectively. If >0 e =107, and e = 1073 if a < 0. In all panels
Dy = 1.0, o =0, simulation timestep d¢ = 0.1, and N = 10* trajectories.

similarly to the one being discussed in the present work, the system gets progressively
confined, and large excursions are hindered in favor of the system being more localized
near the origin, giving rise to the change from a minimum to a maximum at 7, /t = 1/2.
Moreover, in [48] a transition in the limiting PDF of T% /¢t is discussed in terms of the
number of walkers, and in [49] they discuss a change of shape in the PDF of T’ /t for
Brownian motion with Poissonian resetting, during the transient behavior, converging
to a delta function in the long time limit. All these studies highlight non-trivial behavior
of the half occupation time.

Regarding the moments, the mean half occupation time and the mean squared half
occupation time can be obtained from (36) and (6) as

@ m)=5. (T°07)= {5t (39)

The ergodicity breaking parameter can be straightforwardly found from (19) and (39)
as

1l—«a
EB, = — <1 40
Ty “ (40)

When a — 1~ the expression for the characteristic function given by equation (36)
reads

Qp.sl0) = 5 (41)

which after the double Laplace inversion reads

P(T*,tj0) =0 (T+ - %) : (42)

In this case the PDF for y reads

P(ylo)=4d(y—1). (43)
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Figure 5. (a) (T (¢)), (b) (T*(t)?), and (c) EB, of the half-occupation time for the
power-law heterogeneity. In panels (a), and (b) the solid lines are computed with
equation (39) and o = —0.05,0.5, and 1.5; In panel (c) the solid line is equation (40).
If a>0e=10"1Y and e=10"3 if a < 0. In all panels Dy = 1.0, 2, =0, simulation
timestep dt = 0.1, and N = 10* trajectories.

315

P

Figure 6. PDF of the time averaged half-occupation time for the power-law het-
erogeneity. The different symbols are for trajectories with ¢t = 10*,10°, and 10°. The
black solid line corresponds to equation (44) in panels (a), and (b); to e in panel
(c), and to o(t — 1) in its inset. &« = —0.05,0.5, and 1.5 in panels (a), (b), and (c),
respectively. If a > 0 we take € = 107'%, and € = 1073 if & < 0. In all panels Dy = 1.0,
zo =0, simulation timestep dt = 0.1, and N = 10* trajectories.

This means that when o — 17, the half occupation time is always t/2, coinciding
with its mean value. Likewise, it can also be seen that, in this case, EB; =0, i.e. the
process is ergodic. Therefore, there is an ergodic transition at a=1. This transition
can be understood by the effect of the heterogeneity, which, for a > 1 is strong enough
to localize the particles near the origin, preventing large excursions. Interestingly, the
transition to the ergodic phase occurs across the value of a corresponding to the ballistic
regime, a=1. To ensure an ergodic behavior the transport regime has to be super-
ballistic in order to avoid the confining effect of the heterogeneity. Figure 5 compares (39)
and (40) with numerical simulations. It can be noticed the ergodic transition at =1
in panel 5(c).

The PDF for the time averaged observable 6[x(t)] (this is 74 defined in (34)) can be
obtained from (38) noting that n, =2y to get

Sin _T 2 2_ _217+ua
(%) . £77+ (2—ny)] 1 (44)
T ni" 4+ (2—mn4 )" 4 2cos (ﬁ) e (2—mny)]

P(ny) =

for 0 <y < 2. In figure 6 we compare equation (44) to numerical simulations.

https://doi.org/10.1088/1742-5468 /ae337d 15


https://doi.org/10.1088/1742-5468/ae337d

Ergodic properties of occupation times in heterogeneous media

5. Occupation time in an interval

We consider now the occupation time T,(t|xg) of the random particle in an interval
[—a,a] up to time ¢ if starting initially from z. In this case, the function U(xy) = 6(—a <
x¢ < a). The corresponding Feynman—Kac equation (8) needs to be solved with suitable
boundary conditions. For instance, if the starting point is at infinity i.e. zg — 400 the
particle will never reach the interval so that P(7T,,t|zo — too) = (1), i.e. Q(p,s|xo —
+00) = 1/s. The initial condition is such that T}, (¢t = 0|zy) = 0 so that Q(p,t = 0|zy) = 1.
Thus, the Feynman-Kac equation for Q(p,s\:z:o) to be solve in the Laplace space is

~ d@ (p,8|l‘0)

sQ (p, s|zo) — 1= D (z) 2 —pb(—a <z < a)Q(p,s|zo) (45)
0

under the above boundary conditions. It must be explicitly found in the regions I (zy <
—a), IT (ma<zp<0), III (0 <zy<a)and IV (z¢ > a).

5.1. Piecewise heterogeneity

The solution of equation (45) for the piecewise diffusion coefficient (12) is given by
(setting zp=0)

~ 1 p
Qi) = — [1+ 2] (46)
where
M _(s,p) Ny (s,p) +YMy (s,p) N_(s,p)
Flop) = N (5.0) + 1N (5.p)
and

Mi(s,p):cosh(a S+p)—|— S+psinh(a s—i—p)

D:t S D:t
Ny (s,p) = sinh (a s;f) + S—i';pcosh (a Sl;::p) .

Since the double Laplace inversion of Q(p, s]0) cannot be found explicitly we derive
an approximate expression which holds when ¢ and T, are large. To do this, we consider
s and p small and comparable in equation (46) and find

Q (p,s/0) ~

Sip {1+S+C\/§(S+p)} "
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Figure 7. (a) Limiting distribution of the occupation time in the interval [—3, 3] for
the piecewise heterogeneity. The black solid line corresponds to equation (48). (b)
PDF of the time averaged occupation time in the interval [—3,3] for the piecewise
heterogeneity. The black solid line corresponds to equation (52). In all panels, the
symbols of the same color are for D, =0.5,1.0, and 2.0 salmon, green, and blue,
respectively. The different symbol shapes are for trajectories with ¢ = 10%,10°, and
105. D_ =1.0, 29 =0, simulation timestep dt = 0.1, and N = 10* trajectories.

where

gt ({50 (5)

Performing the double Laplace inversion of (47), we find that the PDF of T, obeys the
half-Gaussian density

(48)

\/ET)

T, 40) ~ — H
P00 ~ it (7

where the scaling function is

v p_ (DDt DD, 2
s * = D+—|—D7 .

D+
a’m

In panel (a) of figure 7 we check (48) against numerical solutions for different values
of v. We also add data computed for different large values of ¢ to show that when ¢ is
sufficiently large the numerical results fall on the theoretical curve.

The mean and mean square occupation time can be computed from (46) and (6) as

N 2&\/1_5
- \/ﬂ'D*,

2a>

<Ta (t)2> ~ -t

It is interesting to note that in the long time limit the PDF P(T},t|0) can be corres-
ponds to the PDF for the Brownian motion moving in a homogeneous media [50] with
an effective diffusion coefficient D+. The ergodicity breaking parameter can be found

(To. (1)) (49)
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Figure 8. (a) (T,,(t)), (b) (T,(t)?), and (c) EB, of the half-occupation time for the
piecewise heterogeneity. In panels (a), and (b) the solid lines are computed with
equation (49), D, =0.5,1.0, and 2.0; In panel (c) the solid line is equation (50). In
all panels D_ = 1.0, 2o =0, simulation timestep d¢t = 0.1, and N = 10* trajectories.
In panels (a), and (b) the interval is [-3, 3] and in panel (c) the interval is [—0.5,0.5].

from (19) and (49) to get

EB,=— £/ _1=2--1 (50)

which is the same as the EB parameter for the Brownian motion in homogeneous media.
This means that in the long time limit the ergodic properties in terms of the occupation
time in an interval for a Brownian particle are not altered by the piecewise heterogeneity.
In figure 8 we compare (49) and (50) with numerical simulations.

In the short-time limit, when both s and p are large and comparable we find that
the leading term in the asymptotic expansion in equation (46) is Q(p,s|0) ~1/(s+p)
which turns into P(7,,t|0) ~ (T, —t). This is consistent with the fact that for short
times the particle will have barely moved and will have spent most of its time within
the interval.

Now we find the PDF of the time average of the observable §]—a < z(t) < a] in the
long time limit, this is, the PDF of

T,
= I; a 7 51
= R T ) oy
as defined in equation (21). For the piecewise diffusion coefficient
- Ta 7 D+«
fla = 2a t
and its PDF follows from (22) and (48). In this case we readily find
2 _n
P () =My () = —e" 7, (52)

which is the same result as for BM in a homogeneous media. In panel b) of figure 7
we compare (52) with numerical simulations. We note that the PDF P(n,) computed
for different values of the asymmetry parameter v collapse on the same curve, which
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confirms that P(n,) does not depend on ~. In addition, it can be observed how the
distribution converges to the theoretical result (52) in the long time limit.

5.2. Power law heterogeneity

In this case the expression for the characteristic function in the long time limit is given
by (see details of the derivation in appendix C)

S DI
)\Oé —.I— S 1+270¢

(53)
s + Aa (8 +p)

Q (p,s/0) =

which holds for @ <1 and where we have defined

N )
(2~ ) VD = T ()

Before proceeding to invert in Laplace this result we note that for a <1 we can

further simplify this expression by noting that in the limit s — 0 we have s < s7a and
thus

1
s Mg

Q(p,sl0)  ——. (54)
570 + Agp

Performing the Laplace inversion of (54) with respect to p one readily finds

T LT,
QTusl0) = = amﬂwax) (55)

We next compute the Laplace inversion of (55) with respect to s using

—1 B—1_—us?\ __ 13 14
£ (S ¢ >_5u1+1/ﬁlﬁ (UI/B)

where [3(-) is the one-sided Lévy density with order 5. We thus find the scaling form

P (T,.1]0) ~ {m(Aﬂ ) (56)

1
t27a atﬂ

for a <1, where the scaling function N, (z) reads

2—« 1
Na (Z) = Y Z3—alﬁ (Z2—a) ’

In the limit @ — 1~ we see that (54) turns into

Q (p,s/0) ~ P
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Figure 9. Limiting distribution of the occupation time in the interval [—20,20]
for the power-law heterogeneity. The different symbols are for trajectories with
t =10%10°, and 10°. The black solid line corresponds to equation (56) in panels
(a), and (b); to e in panel (c), and to equation (58) in its inset. a = —0.05,0.5,
and 1.5 in panels (a), (b), and (c), respectively. If >0 e =101 and e =103
if @ <0. In all panels Dy = 1.0, 2o =0, simulation timestep dt = 0.1, and N = 10*
trajectories.

which after Laplace inversion yields

P(Tpt|0)~8(Ty—1t), a—1". (58)

It is worth observing that at a=1 there is a transition in the behavior of the PDF
P(T,,t|0). For 1 < a < 2 the heterogeneity is so strong that the particle cannot escape
the interval [—a,a] for any a, which is reflected in the fact that T, is equal to t.

The comparison of the limiting distributions given in equations (56) and (58) with
numerical simulations is shown in figure 9. We note that the PDFs converge to the
theoretical results in the long time limit in panels a) and b). In panel ¢) we show the
limiting distribution for a value of a > 1 in the Laplace space. In this case the observable
is ergodic, i.e. the limiting distribution is given by (58). The inset shows the limiting
distribution in the real space.

On the other hand, using (54) we can compute the two first moments. The mean
and mean square occupation time are

T0) > eyt (T) = et (59)

Likewise, the ergodicity breaking parameter can be found from (19) and (59) to get

(T, 07) o (32’
EBj=—5 1= NE=) -1, a<l
(T () 0, l<a<?.

(60)

Note that at a« =1 there is an ergodic transition between non-ergodic phase o <1 and
ergodic phases o > 1, like for the half occupation time. The results given in (56) and (60)
have been previously obtained in reference [19] by assuming that the PDF of T, can
be given by the PDF of the number of returns to the interval [—a,a]. This assumption
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Figure 10. (a) (T,(t)), (b) (T.(t)?), and (c) EB, of the occupation time in the
interval [-20,20] for the power-law heterogeneity. In panels (a), and (b) the solid
lines are computed with equation (59) and aw = —0.05,0.5, and 1.5; in panel (c) the
solid line is equation (60). We take o> 0 if e =107 and e =107 if & <0. In all
panels Dy = 1.0, zy =0, simulation timestep d¢ = 0.1, and N = 10* trajectories.

requires that the returns constitute a renewal process [42], i.e. the times between suc-
cessive returns are uncorrelated, which is not true for any general process. However, we
have obtained the same results without making any further assumption, but by directly
solving the corresponding Feynman—Kac equation.

In figure 10 we compare the theoretical results for the two first moments given in
equations (59) and (60) with numerical simulations. It is worth mentioning that for
a <0 the convergence to the analytic result is slower the smaller « is. Note also that
EB, and EB; vs « in panels 5(c) and 10(c) look qualitatively very similar and be
regarded as phase diagrams of the ergodic properties.

In the short-time limit we consider the asymptotic expansion of equations (C5)
and (C6) for large s and p. As for the piecewise heterogeneity, in this limit the PDF
for the occupation time in an interval is P(T,,t|0) ~ (T, —t). Again, showing that at
short times the particle will not have escaped the interval.

Next, we compute the PDF for the time average of the observable ]—a < z(t) < a]
in the long time limit. From (51) and (49)

1, 3—
Na = —I ( a)
Ats \2—a
and from (56), we find that in the long time limit P(n,) is given by the Mittag—Leffler
(ML) distribution of order f:

C(1+8)F [D(1+8)? 1
P () = Mg (n,) = (5153) R tﬂ) , B=g— (61)
Na ’ 77(3

for a < 1. The PDF given in (61) depends on neither Dy nor a but only on «. This
result is checked with numerical simulations as shown in figure 11. For a>1 the PDF
of time averaged occupation time in the interval is P(n,) = d(n, — 1), according to (58).
In panels (a) and (b) we show two cases for <1 while in panel ¢) we show a case for
a>1 in the Laplace space. In the inset of panel (c) we show the same PDF but in the
real space.
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Figure 11. PDF of the time averaged occupation time in the interval [—20,20]
for the power-law heterogeneity. The different symbols are for trajectories with
t =10%10°, and 10°. The black solid line corresponds to equation (61) in panels
(a), and (b); to e™" in panel (c), and to §(n, — 1) in its inset. « = —0.05,0.5, and 1.5
in panels (a), (b), and (c), respectively. If « >0 e =107, and e = 1073 if « < 0. In
all panels Dy = 1.0, 2o = 0, simulation timestep dt = 0.1, and N = 10* trajectories.

6. Conclusions

In this work, we analyzed the ergodic properties of Brownian motion in heterogen-
eous media through the statistics of the occupation time. By solving the Feynman—Kac
equation associated with the characteristic function of the occupation times, we obtained
analytical results for two relevant forms of spatially varying diffusion coefficient: a
piecewise-constant model and a power-law dependence. From these solutions, we derived
the limiting distributions of the occupation times, their first two moments, and the cor-
responding EB parameters, finding excellent agreement with numerical simulations.

For the piecewise diffusion coefficient, we showed that the probability density of the
half occupation time follows an asymmetric arcsine law, with a strictly positive EB
parameter. The distribution of the occupation time within an interval is half-Gaussian-
analogous to the homogeneous case but with an effective diffusion coefficient—and the EB
parameter matches that of standard Brownian motion, confirming non-ergodic behavior
in terms of both occupation times.

For the power-law diffusion coefficient, our results reproduce the occupation-time
distributions previously obtained in references [19, 35], but reveal a transition between
non-ergodic and ergodic phases. As the exponent « increases, the system evolves from a
non-ergodic regime for o <1 to an ergodic for a > 1. Unlike other models of anomalous
diffusion in which the ergodic transition occurs when the MSD ranges from subdiffusive
to normal regimes [47], when the anomalous diffusion is generated by a power-law
spatially dependent diffusion coefficient, the ergodic transition takes place when the
MSD ranges from superdiffusive to super-ballistic regimes in the It6 interpretation.

Overall, this study illustrates how the Feynman-Kac formalism provides a powerful
framework to characterize ergodic properties of diffusion processes in heterogeneous
media. While we focused on two specific spatial dependencies of the diffusion coefficient,
the approach can be extended to more general forms [5]. The spatial dependence of the
diffusion coefficient in the Langevin equation can be regarded as the random motion of
a particle in heterogeneous temperature fields which can hinder or promote ergodicity.
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Our results could be relevant to model heat conduction, where chains of oscillators with
spatially varying local thermostats use position-dependent Langevin baths [51].
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Appendix A. Derivation of equation (36)

In the region I, xy € (—00,0], the equation for the characteristic function is

dQ; (p, s|z ~
e L R
0

while in the region II, xy € [0,+00), one has

dQU (p, S|900)

D (0%
ol ol d:z:?J

— (s+p) Qrr (p, s|lzo) = —1.

The above equations can be identified with a Lommel-type equation (see equation
8.491.11 in reference [52] )

d?u (2)

V _w2p222w—2u(2) =0

which admits the solution
u(z) =V [aK L (p) + el (p2)]

where K (-) and I(-) are the modified Bessel functions. Identifying

2—« 2 s
w=——— = — -
P 2—« D(]

the solutions in regions I and II under the boundary conditions Q(p, s|zg — £00) < 0o
are

~ 1 2 a
Q1 (p, s|wo) = 3 +A1\=’170\1/2K2ia (2_ E Dio> ; 2o <0

~ 1 1/2
=——+A K
Q11 (p,s|xo) S+p+ 220" Ko | 5——
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To compute the constants A; and As we proceed to match both solutions and their
derivatives at xo=0:

Q1 (p,slzo — 0) = Q1 (p, s|lzg — 0)

9Qr (p, s|zo) | 9Qr1 (p, s|zo)
[ 3%0 ] xo=0 - [ 8£L‘0 ] xo=0 (A2)

Introducing (A1) into (A2) and making use of the approximation of the modified Bessel
function for small argument

T () 0, Ww>ov
: 7 _ -1 : p—ovy __ 1T

B [of K (caf)] =277 =7 lim (277) = § 2752, pu=ov  (A3)

00, n<ov
one gets a system of to equations for A; and A;. We note that continuity of the derivative
is well-defined only for aw < 1. For o > 1 the derivatives of Q); and Q;; diverge in the
limit xy — 0 as we show in turn. To compute the derivatives we need to make use of

the properties

dK, (2)
dz

=-K, 1(2) - ZKV (2) (A4)

and K_,(z) = K, (z). The derivatives of Q given in equation (A1) are of the form

OQr.11 (p,slao) 2—a . e -3
Pel] 5 7 ()
o=

where ¢ is the coefficient of :L'(lff in the arguments of the Bessel functions of

equation (A1l). When a <1 the parameter v in (A3) is v=(1—a)/(2—a) >0 and
pw=(1—a)/2, 0 =1—«/2. In this case, u = ov so that

9Q1 11 (p, s|zo) :sz—_ozcﬁaF 1-a ,a<l
&’L‘o 0 7 >a 2
o=

A=

When a > 1 we have v <0 but since K, (-) = K_,(-) the derivative in the limit o — 0
reads

dQ1 11 (p, slzo)
5’360

xo—)O

2_ l1—a _«a
] =As 2aclim [x()? Ko (c;ntl) 2)] =00, a>1.
l’():O

Finally, plugging A; and B; in equation (A1) one finds (36).
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Appendix B. Derivation of equation (46)

The solution of (45) for the piecewise diffusion coefficient can be written as

s

- 1 x
Q1 (p,slxo) = 3 +Cre 'V P- )

S+p

_ 1 oy [E
Q11 (p,s|zo) = P +Che V= 4 Cye”V -

i X .
Quir (pyslwo) = =+ Cae W 4 oV,

~ 1 _ =
Qrv (p,s|rg) = =+ Cee” "V I+, 2y > a. (B1)
s
The constants C; with ¢ =1,...,6 can be found from the matching conditions

QI (p,s|lrg = —a) = QH (p,s|lzo = —a)
Qrr (p, s|zo = 0) = Q111 (p, 8|w9 = 0)
QIU (p,s|lrg =a) = QIV (p, 8|z = a)

[an(pﬁ\Io)} _ ‘aciIf(p,s\xo)]
0xo To=—a 0xo Zo=—a
[aémp,sm)] _ 3@111(17,3\980)]
dzo xo=0 Iz zo=0
a@mp,suo)] _ -3621‘/(%5\-730)}
|: 0xo ro=a CrT - . (B2)

Solving the system of algebraic equations for C; we finally obtain the solution for the
characteristic equation given by equation (46).

Appendix C. Derivation of equation (53)

Following the same procedure as in appendix A, the solution of equation (45) for the
power law diffusion coefficient (9) is given by

~ 1 2 o | S
= =+ Ay|zo|PK -3 /=
Q[(}?,Skﬂo) S_'_ 1‘x0| P (2-0{|x0’ : DO )

2 |$0|l_% sS+p
2—«

2ol 5+p)

~ 1
s|z0) = —— + Aolo| 2K
Qur (pslo) = 7 Aol [ UK 1

+ Al [T (2—a’””0 Do
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- 1 1/2 2 1-g [5TD
—— 1A K
Q111 (p, s|zo) stp T Aazy K1 (Q—on ’ D

~ o ]_ 1/2 2 1—2 S
Qv (p; s|lzo) = S T Ao K o <2 — %0 30) - (C1)

The constant A; with i« =1,...,6 can be found using the matching conditions (B2). At
the boundary xzy=0 we employ the property (A3). The system of equations for the
constants is

AQSD (8 +p;a) +A3¢(8 +p7a) - Al@(sya) = S(Sip)
Awp (s +p,a) + As (s +p,a) — Asp (s,a) = S(sip)
Ay = Ay
A dSD (S,ZL’U) —A dg& (3+p,$0) A3 d¢ (8+p7$0)
dil?() To=a dZC(] To=a d.%'[] To=a

XA4 d(,O(S+p,,I0) +A5 d¢(8+p,l’0) —A d@(s’xo)
dxg zo=a dz To=a dzg zT0=a
(C2)
where we have defined the functions
2 a s
@ (s,20) = Vo K 1L (2 _Oéivolff E))
b (5,0) = VELL oz, |2 (©3)
S,T0) =/ Xo ﬁ 2_@1’0 DO .

The derivatives in equations (C2) evaluated at xyo=0 are divergent unless a < 1.
Computing the derivatives using the properties of the Bessel functions using (A4) and
evaluating them at the boundaries zp =0 and xy = a we solve the system of equations
for the constants and find

5 1 pH: (S,p)]
5|0y = —— |14 B2 P) C4
Qpisio) = - [14 2205 0) (1)
after setting zo=0. The functions #;(s,p) and Hs(s,p) are
r(:3)
Hl (Sap) = 1 and H? (Sap) = wl - 1/}21/}3 (05)

1_(! m
a”2 [s+p
2 ( 2—« DO )
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where
2 _a [s+Dp 2 _a [s+D
—K I | aI = 1
o= (g2 B oot (a2 )
2 s [s+D 2 . [s+p
= Kio|l —
¢2 2—Oéa ’ DO |: 2—0<2—Oéa ’ DO
2 _a [S+Dp 20, 2 _a [S+Dp
- aI —« 1 - Il 1
7 3(2(2—04“ "\ Do )} 2—(12—"(2—@& : Do)
2 1-2 s
K, (e ) ’
%_Lal—“ S K <La1—‘“ i) (C6)
22—« Dy 5=a \ 2—a Dy
and
2
UaZ%-
Sln(ﬂ'm)

Before proceeding to perform the double Laplace inversion we consider the long time
limit for which we consider s and p very small and comparable. In this limit, the
arguments of the Bessel functions in equation (C6) are small and to approximate 1,
and 13 we can make use of (A3) and

Iy(z):ﬁ (%)V as z—0.

However, to approximate 2 we need to go to the next order in the expansion of K, (-)
for small argument so that we have to consider

K,(z) ~ F(V)F2(1 —v) ll“(ll_ V) <§> - F(11+ V) (%)V}

for v < 1. Under these considerations we find

1
1 1 a'=z [s+p\ 7
~_T
Y=g (2—a>(2—a D0>
3—2a
2

2—« 1 a”:r [s+p\T°
Py >~ — I b
l—« 2—« 2—« Dy
2

and finally, from (C4) we find the expression for the characteristic function (53) in the
long time limit for both T, and t.
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